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Compressive residual stresses induced by tensile overloads, compressive under
loads, or by a cold-expansion process in specimens containing a circular hole and their
influence on subsequent fatigue crack growth in aluminum alloys are studied. The finite
element method is used to calculate residual stresses. The superposition method, which
uses crack-tip stress intensity factors for cases involving remote loading and residual
stresses, is used to calculate crack growth life for three kinds of tests from the literature:
(1) fatigue of a circular hole specimen after an overload or under load, (2) single crack
growing from a circular hole after a severe tensile overload, and (3) single crack growing
from a circular hole after cold-working, reaming and notching. All specimens were
subjected to subsequent constant amplitude loading. The superposition method worked
fairly well for most cases, but tended to over predict fatigue life for small cracks and for
cracks growing under residual stresses, which produce compressive (maximum and
minimum) stress intensity factors.
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CHAPTER I
INTRODUCTION
1.1 Background
Fatigue is defined as “the process of progressive localized permanent damage
occurring in a material subjected to conditions that produce fluctuating stresses and
strains at some point or points and that may culminate in cracks or complete fracture
after a sufficient number of fluctuations” [1].
When an applied stress below the ultimate tensile strength of a material is
applied repeatedly, localized hardening occurs due to plastic deformation at stress
concentrations and the structural member may develop cracks after a certain number
of cycles. The loading is called fatigue loading and the subsequent fracture is called
fatigue failure [2].
Mechanical failures involve an extremely complex interaction of the load,
time, and environment, where environment includes both temperature and corrosive
media. Loads may be monotonic, steady, variable, uniaxial, or multiaxial. It has been
estimated that 50 to 90 percent of all mechanical failures are fatigue failures [1]. A
comprehensive study of the cost of fracture in the United States indicated a cost of
$119 billion (in 1982 dollars) or 4 percent of the gross national product. According to
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this study the cost can be reduced by using proper technology in the structural
design [1].
If the applied gross area stress level on a structural member with a hole is
higher than one-third of the material tensile yield stress then local yielding will occur
at the edge of the hole. During the unloading portion of a stress cycle, residual
stresses may develop around the hole. Hence applying a high load to the specimen
may cause yielding of the area adjacent to the hole and thus induce residual stresses
around the hole. Due to these pre-existing residual stresses subsequent crack growth
at lower loads will be considerably affected because the local crack-tip stresses must
overcome these residual stresses before the crack can grow, thus leading to a longer
fatigue life. In this study, compressive residual stresses are introduced around a hole
by tensile overloads or by a cold-expansion technique. These techniques have been in
use for many years and the beneficial effects of compressive residual stresses
obtained from these techniques have been included in fatigue life calculations for
both crack initiation and crack propagation, but with a varying degree of success [3].
The major obstacle in developing analytical tools for crack-growth prediction has
been the uncertainty in the quantitative assessment of residual stresses and whether
these residual stresses decay with crack growth. Much of the difficulty stems from
material characteristics and the three-dimensional nature of the cold-expansion
process [4,5].

1.2 Objective of Research

3

In this work, compressive residual stresses induced by tensile overloading or
by cold-expansion techniques in specimens containing a circular hole and their
influence on subsequent crack growth are addressed. These residual stresses are
calculated using finite element analyses. Chapter II presents the finite element
modeling techniques and analysis results. By employing finite element analyses, with
and without growing cracks, the hysteresis loop, plastic zone sizes and shapes, cracktip opening stresses and finally any residual stresses are presented in Chapter II.
Chapter III presents the technique to calculate stress intensity factors numerically
using a FORTRAN code for various crack configurations. This code utilizes the
Green’s function technique in calculating stress intensity factors for any kind of
normal crack face stress distribution, first solving for the stresses present on the crack
surface with the crack absent and then using the concentrated force solutions to apply
distributed forces to eliminate these stresses on the crack surfaces. The residual
stresses obtained from finite element analysis are used in this code to calculate stress
intensity factors due to residual stresses.
A ‘variable stress intensity factor ratio’ concept has been formulated to
elucidate the mechanics of crack growth inside a compounded stress field, i.e., the
residual stresses around the hole and the subsequent applied cyclic stresses. The
superposition method is used to include residual stresses by adding the applied and
residual stress intensity factors to give the maximum and minimum resultant stress
intensity factors. The total stress intensity factor range (∆KT) was computed as the
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difference between the maximum and minimum resultant stress intensity factors and
a residual stress intensity factor ratio (Rres) was also calculated. Using the material
crack-growth behavior, the ∆K-rate curve at the stress ratio Rres is found. From this

∆K-rate curve, the crack growth rate (dc / dN) is determined for the resultant stress
intensity factor range ∆KT. Using this crack growth rate and with a prescribed small

∆c, a corresponding ∆N is found. These incremental values are added to the previous
values of c and N to calculate total life. Chapter IV presents the superposition method
and the code that was developed to perform crack growth calculations. The results are
compared with three different kinds of tests. The three kinds of tests from the
literature were: (1) fatigue of circular hole specimens made of 2024-T3 aluminum
alloy, (2) single crack growing from a circular hole after tensile overloading in 2024T351 aluminum alloy, and (3) single crack growing from a circular hole after coldworking, reaming and notching in 7075-T6 aluminum alloy. Comparisons made
among the tests, the superposition method and FASTRAN analyses are presented in
Chapter IV.
1.3 Fatigue Crack Propagation
The total period of fatigue life consists of three phases: (1) initial fatigue
damage that produces crack initiation, (2) propagation of cracks that result in partial
separation of a cross section of a member, until the remaining uncracked cross section
is unable to support the applied load, and (3) final fracture of the member. A typical
log-log plot of dc/dN versus ∆K is shown in Figure 1.1. The sigmoidal curve can be
divided into three major regions. Region I is the near threshold region and indicates a
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threshold value, ∆Kth, below which there is no observable crack growth. Below this
threshold stress intensity factor range value ∆Kth, fatigue cracks are characterized as
nonpropagating cracks. In region I the fatigue crack growth depends on many factors
such as microstructure, mean stress, frequency and environment. In the intermediate
region II, a near linear relationship exists between log dc/dN and log ∆K, as:

dc
dN

-- =

f ( ∆K , R ) = C (∆K ) m

(1.1)

first suggested by Paris and Erdogan [6]. Here m and C are material constants. The
coefficient C is a function of the stress ratio, R or mean stress. In region II (the Paris
and Erdogan [6]. Here m and C are material constants. The coefficient C is a function
of the stress ratio, R or mean stress. In region II (the Paris regime) the fatigue crack
growth corresponds to stable macroscopic crack growth that is typically controlled by
the stress amplitude, mean stress and environment. Microstructure has less influence
on fatigue crack growth behavior in region II than in region I. In region III the fatigue
crack growth rates are very high as they approach instability, and very little fatigue
crack growth life is involved. This region is controlled primarily by the fracture
toughness, Kc, which in turn depends on the microstructure and environment.
Substantial differences in crack growth rates occur for different R ratios. The upper
transition region of the curve is shifted to lower ∆K values as R increases (∆K at
failure is equal to Kc(1-R)). The effect of the R ratio on fatigue crack growth behavior
is strongly material dependent.
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Figure 1.1 Fatigue crack growth behavior in metals (R = constant)
1.4 Crack Closure

Elber [7] introduced the concept of crack closure in 1970 based on the
experimental results using thin sheets of 2024-T3 aluminum alloys. Elber observed at
low loads the compliance was close to that of an uncracked specimen. Elber believed
that this change in compliance was due to the contact between the crack surfaces at
loads that were low but greater than zero.
Figure 1.2 shows a schematic representation of the crack closure or crack
shielding mechanisms that describe the characteristics associated with fatigue crack
growth. The most important types of crack closure include plasticity-induced,
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roughness-induced, and oxide-induced closure. The other types are viscous fluidinduced and transformation-induced closure, as shown in the Figure 1.2. Plasticityinduced crack closure is most prevalent in metals at low stress ratios under plane
stress conditions. A tensile plastic zone may develop at the crack tip under field
tensile loading and a wake of residual plastically deformed material is formed along
the crack surfaces as the crack grows. If the load cycle has a low stress ratio, the
compressive residual stress and the residual plastic deformations will bring the crack
faces together before the minimum load is reached, creating a crack face closure
condition.

Oxide Debris

Mode II Displacement

4

Plasticity-lnduoed

Roughness -lnduoed

Oxide-lndu oed

-,
'

Fluid

./

---- - -~---..J
Viscous Fluid Induced

Transfonned Zone

Transfo rmation-In duced

Figure 1.2 Fatigue crack closure mechanisms in metals [8].
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Roughness-induced closure is influenced by the microstructure. Although the
fatigue cracks propagate in pure Mode I conditions on a global scale, crack
deflections due to microstructural heterogeneity can lead to mixed mode conditions
on the microscopic level. When the crack path deviates from the Mode I symmetry
plane, the crack is subject to Mode II displacements as shown in Figure 1.2. These
displacements cause mismatch between upper and lower crack faces, which in turn
results in a closure load at a tensile applied load.
Oxide-induced closure is usually associated with an aggressive environment.
Oxide debris or other corrosion products may become wedged between the crack
faces. Crack closure can also be introduced by a viscous fluid, as in Figure 1.2. The
fluid acts as a wedge between crack faces, somewhat like the oxide mechanism. A
stress induced martensitic transformation at the tip of the growing crack can result in
a process zone wake [8]. Residual stresses in the transformed region can lead to crack
closure. The relative importance of the various closure mechanisms depends on
microstructure, yield strength and environment.
Elber postulated that crack closure decreased the fatigue crack growth rate by
reducing the effective stress intensity factor range [7]. Figure 1.3 illustrates the
closure concept. When a specimen is subjected to cyclic loading from Kmax and Kmin,
the crack surfaces are in contact below Kop, the stress intensity at which the crack
opens. Elber assumed that the portion of the cycle that is below Kop does not
contribute to fatigue crack growth.
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K
K,nax

Time
Figure 1.3 Definition of effective stress intensity factor range
1.5 Residual Stresses

Residual stresses in fatigue design are very important. Compressive residual
stresses efficiently retard the formation and growth of cracks subjected to cyclic
tensile loading and thus enhance fatigue resistance. The opposite occurs for tensile
residual stresses. There are many methods of inducing residual stresses in mechanical
parts, including shot peening, surface cold rolling, tensile overloading, use of
interference fit fasteners, low plasticity burnishing, laser shock peening, coining
around holes and cold expansion of holes. The two methods used in this study are
tensile overloads and cold expansion of holes.
The best example of forming residual stresses by mechanical means is the
stretching or tensile overloading. Applying a high load to the notched specimen may
cause yielding of the area adjacent to the notch and thus induce compressive residual
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stresses after unloading. The degree of tensile yielding at the notch depends upon the
applied overload, geometry and the yield stress. Tensile overloading is useful when
cracks may be present. If the cracks are small, the overload retards their growth. If the
cracks are too large the overload may fail parts that have low residual static strength.
When tensile overloads applied to a plate with a hole, the main disadvantage is that
the residual stresses are not uniform around the hole. The tangential residual stress
changes from compressive to tensile at different locations around the hole, and these
tensile residual stresses could be very deleterious.
Compressive residual stresses around fastener holes enhance the fatigue life
of service components in aircraft structures. The cold-expansion procedure involves
mechanically pulling an oversized mandrel through the fastener hole to expand it to a
final diameter. A protective steel sleeve with an axial split is placed between the
mandrel and the hole bore to provide for the expansion. A typical expansion achieved
is around 4% [9]. The result of this expansion is a residual stress field consisting of
compressive hoop stresses at the edge of the hole that gradually decay with radial
distance and equilibrate in tension far from the hole. These compressive residual
stresses are very beneficial and have been found to increase the fatigue life. A finish
reaming process is sometimes employed that removes a thin layer of material around
the hole and diminishes the effects of damage to the hole. Unlike tensile overloading,
cold expansion leads to a more uniform tangential residual stress around the hole
[10,11,12]. Some variations in the magnitude of residual stresses have been observed
at the entrance and exit locations along the hole bore.
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1.6 Superposition Method

The effects of the compressive residual stresses obtained from overloads and
cold expansion of holes are included in the calculation of fatigue crack propagation
by using the superposition method. The superposition method can account for
residual stresses by a superposition of applied and residual stress intensity factors to
give the total stress intensity factors, i.e.,

KT = K app + K res

(1.2)

where Kapp is the stress intensity factor associated with applied stresses, Kres is the

residual stress intensity factor associated with the residual stresses, and KT is the total
or sum of applied and residual stress intensity factors under mode I conditions.
With the assumption that the applied cyclic stress does not significantly alter
the state of the residual stress during crack propagation, the total stress intensity
factor range is
∆KT = ( K max )T − ( K min )T

= ( K max, S + K res ) − ( K min, S + K res )

(1.3)

= K max, S − K min, S = ( ∆K )app

and the residual stress intensity factor ratio is
Rres =

K min, S + K res
K max, S + K res

≠ Rapp

(1.4)
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The stress intensity factor range does not change since the stress intensity
factor from the residual stress is negated, but the residual stress intensity factors have
an effect on the stress ratio. Hence, fatigue crack growth is predicted using the
correlation
dc
- - = f ( ∆K , Rres )
dN

(1.5)

CHAPTER II
FINITE ELEMENT ANALYSIS
2.1 Introduction
Finite element analyses were performed for a doubly symmetric rectangular
plate subjected remote uniform stress, S, as shown in Figure 2.1. The radius of the
hole r = 2.38 mm and width of the plate 2w = 50.8 mm. The specimen was made of
2024-T3-aluminum alloy with an elastic modulus (E) of 73000 MPa, yield stress (σys)
of 345 MPa and an ultimate stress (σu) of 480 MPa.

i

i

.a

y

S

---,0 r--. . . . . . . . . . . ,
2r

x
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2w

,,

;:!lo

,,

Figure 2.1 Circular hole in finite width plate subjected to uniaxial tension
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Only a quarter of this specimen is modeled in finite element analysis because
of symmetry. The material is assumed to be isotropic, linear elastic, or elasticperfectly plastic under plane stress conditions. A mesh is created with constant strain
triangular (CST) elements.
The tests conducted at Georgia Tech [13] (on the specimen shown in Figure
2.1) consisted of three loading conditions and the same loading conditions are
considered in finite element analysis. The loading conditions are: (1) constant
amplitude loading of Smax = 144.8 MPa with R = Smin/Smax = 0, (2) overloading
(loading cycle is given in Figure 2.2) of SOL = 248.2 MPa followed by constant
amplitude of Smax = 144.8 MPa with R = 0, and (3) under loading (loading cycle is
given in Figure 2.2) of SUL = 248.2 MPa followed by constant amplitude of Smax =
144.8 MPa with R = 0. For constant amplitude loading, the loading is cycled between
a maximum applied stress (Smax) of 144.8 MPa and a minimum applied stress (Smin) of
0 MPa.
Constant-amplitude
loading

s

s
TIME

Figure 2.2 Loading cycle – Overload and under load
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For second test series, Liu [14,15] tested a group of five specimens (2024T351, B = 6.35 mm, W = 152.4 mm), with a hole drilled at the center of each
specimen. The hole size was either 12.7 or 19.05 mm in diameter. The specimens are
subjected to one severe overload cycle at the beginning of each test. The magnitude
of the overload was 248.2 MPa (2/3 of the material tensile yield strength). An
electrical-discharge machined (EDM) cut is made at the hole edge after applying the
overload. The specimens contained only one crack at the hole edge. Following the
removal of this load, an EDM cut (a crack starter) was inserted at the edge of the
hole. Then the specimens are subjected to constant amplitude cycles at a stress levels
of 103.4 or 124.1 MPa with R = 0.1. By considering these loading conditions a finite
element analysis is performed for this test series.
For the third test series, LaRue [3] conducted tests using cold-worked
hole specimens, the initial radius was about 3mm and width of the specimen was
21.6mm. A mandrel with diametrical interference of 0.268mm, corresponding to
4.5% cold expansion was pulled through the hole to induce the compressive residual
stress field. Then the cold worked hole was reamed to a radius of 4.37 mm. After
reaming the hole, an EDM notch of 0.25mm in length was machined into one side of
the hole. Then the specimens are subjected to constant amplitude cycles at a stress
level of 117.2 MPa.
2.2 Mesh Refinement
Mesh refinement is performed to study the convergence of the calculated
stresses and strains considering both elastic and elastic-plastic analysis.

MESH I

MESH II
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Figure 2.3 Typical two-dimensional finite element model, MESH I and MESH II
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MESH III

t
Figure 2.4 Typical two-dimensional finite element model, MESH III
In the elastic analysis, the stress concentration factor at the hole is calculated
for all three meshes and compared with the stress concentration factor obtained from
FADD2D [16], a boundary element code. In the elastic-plastic analysis, the
refinement is made to improve the simulation of crack growth under cyclic loading.
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The three meshes generated for the quarter model of the specimen are shown
in Figures 2.3 and 2.4. Mesh I has 3109 elements and 1644 nodes; Mesh II has 3521
elements and 1880 nodes; and Mesh III has 7074 elements and 3719 nodes.
2.3 Elastic Analysis
3.0

------· --------------• ---------------

2.5
2.0

...

•

1.5

Finite Element Analysis
FADD2D-Boundary Element Code

1.0

0.5

0.0
MESHI

MESHII

MESH Ill

Figure 2.5 Stress concentration factors from finite element and boundary element
analyses for a circular hole in a finite width plate under remote uniaxial
tension
According to Kirsch [17], a circular hole in an infinite plate has a stress
concentration factor of 3, which give the highest circumferential stress at the edge of
the hole as three times the far field normal stress. The specimen in Figure 2.1 is a case
of a circular hole in a finite-width plate under uniaxial tension and the stress
concentration factor from Peterson’s handbook [18] is 3.035. The specimen was also
modeled in a boundary element code, FADD2D [16], which produced a stress
concentration factor of 3.033. This value is very close to the handbook solution. The

19
finite element results from ZIP2D [19] for all three meshes are shown in Figure 2.5,
which are all within ±1% of the results from the boundary element code, FADD2D
[16].
2.4 Elastic-Plastic Analysis
A finite element analysis using ZIP2D was performed assuming elasticperfectly-plastic material behavior for an overload stress (in tension) of 248.2 MPa
(one cycle) on the specimen shown in Figure 2.1. As the specimen was modeled with
the constant strain triangular (CST) elements, the nodal average stress is calculated
for each node along the path of the crack. These nodal averages are calculated for the
three meshes and are plotted in Figure 2.6, for an overload stress of 248.2 MPa, and
in Figure 2.7, during unloading to the stress of 0 MPa. The applied stress of 248.2
MPa was incremented in 100 steps from 0 MPa, similarly the load is reduced to 0
MPa again in 100 increments. These two figures are the final results at 248.2 and 0
MPa, respectively. It is well known that local yielding occur at any stress level that is
higher than approximately one-third of the material yield stress for a hole in a plate.
At the maximum applied stress, the yielded material extends to a x/r ratio of 1.92,
which shows the size of plastic zone. During the unloading portion of a stress cycle,
residual stresses develop in a region around the hole. Therefore, applying a high load
to the specimen containing a hole may cause yielding of the area adjacent to the hole
and thereby induce residual stresses around the hole. These residual stresses are
shown in Figure 2.7. Subsequent crack growth at lower loads will be significantly
affected by these pre-existing residual stresses.
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Figure 2.8 Stress-strain behavior of an isotropic material
Figure 2.8 illustrates the cyclic stress-strain behavior of elastic-perfectlyplastic material for the specimen shown in Figure 2.1. The loading of the specimen is
cycled between a maximum applied stress of 248.2 MPa and a minimum applied
stress of 0 MPa. The stress-strain response is plotted for element 6960 (element at the
edge of the hole) of MESH III. The first cycle is from the elastic solution, which
shows the initial straining of the material. The curve is linear until it reaches the yield
stress and as the material is assumed to be elastic-perfectly-plastic the curve becomes
flat. As the specimen is unloaded the curve follows linearly elastic behavior with a
slope equal to Young’s modulus and leaves permanent plastically-deformed material.
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On reloading, the response of the curve remains elastic until the stress level once
again reaches the yield stress. Here, again, the loading and unloading is computed
with 100 load increments. As loading of the specimen is continued between the
maximum and minimum applied stress levels and as the material is assumed to be
isotropic, the yield stress in compression will equal to the yield stress in tension, as
shown by Figure 2.8.
2.5 Simulation of Fatigue Crack Growth
The finite element analysis was used to simulate fatigue crack growth. As a
fatigue crack propagates, two different types of crack tip plastic zones are generated.
The forward plastic zone is defined as the material near the crack tip undergoing
plastic deformation at the maximum load and the reversed plastic zone, which is
defined as the material near the crack tip undergoing compressive yielding at the
minimum load [20]. The reversed plastic zone size is most important to characterize
the degree of finite element mesh refinement. Newman [21] was the first to study the
effects of mesh refinement on opening load computations under plane-stress
conditions. He modeled the middle-crack tension (MT) specimen with CST elements
and found that the crack opening stresses converged to a stabilized value with
increasing levels of mesh refinement at high-applied stress levels. McClung
[22,23,24] performed mesh refinement studies on a crack emanating from circular
hole, MT specimen, and an edge crack specimen. They found that mesh refinement
should be based on the number of elements present in the forward plastic zone in the
crack plane. They also suggested that adequate refinement to capture the reversed
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plastic zone was also important. Solanki et al. [25,26] performed a mesh refinement
study considering the compact tension and MT geometries under plane-stress and
plane-strain conditions. They suggested that an adequate mesh refinement is one,
which results in approximately 3 to 4 elements in the reversed plastic zone. They also
have shown that a crack growing under cyclic loading with R = 0 exhibits a reversed
plastic zone of about 1/10 of forward plastic zone due to the influence of crack
closure.
The model was incrementally loaded (constant amplitude loading) to the
maximum of 144.8 MPa at which time the crack tip node was released, allowing the
crack to grow and then the load was released to the minimum load of 0 MPa (R = 0).
This cyclic loading was repeated until the prescribed amount of crack growth is
achieved. The number of loading cycles to produce the same prescribed amount of
crack growth will increase with the mesh refinement because at each loading the
crack growth is equal to the size of the element.
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Mesh refinement is continued until sufficient number of elements in the
reversed plastic zone are yielded as shown in Figure 2.9. Mesh I gave no elements in
the reversed plastic zone but MESH II and III gave 4 and 10 elements, respectively,
which is sufficient as suggested by McClung [22] and Solanki [25,26]. It is clear from
the figure that numbers of elements in reversed plastic zone are significantly lower
than the elements in forward plastic zone. Thus, a refined mesh is required to capture
the reversed plastic zone.
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Figure 2.10 Stabilization and decay in crack opening stress as crack grows
For plane-stress conditions under constant amplitude loading, the crack
opening load will increase monotonically until stabilization is reached (crack opening
stress ratio, So/Smax, remains constant). McClung [22] has shown that under constant
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amplitude loading for plane stress conditions the crack must be advanced completely
through the initial forward plastic zone to form a stabilized plastic wake. Fleck and
Newman [27] showed variation in crack opening values even after the crack has
progressed through initial forward plastic zone under plane-strain conditions. Figure
2.9 shows the stabilization of crack opening loads of Mesh III for an initial crack
length of 0.25 mm. Daniewicz and Bloom [28] showed that a large amount of crack
growth will produce a decreasing opening value if the remaining ligament becomes
small enough (high net-section stresses). The start of this decay in crack opening load
is observed as shown in Figure 2.10 but the mesh is coarse away from hole (see
Figure 2.4 for Mesh III) so the crack opening ratios start to drop off very quickly.
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Figure 2.11 Crack-opening stresses for constant-amplitude loading, plane-stress
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Comparisons were made between the normalized crack opening stresses from
both finite element analyses and FASTRAN. In the FASTRAN analyses either, the
same rate of crack extension used in the FEA or the actual 2024-T3 rates were used,
as shown in Figures 2.11 to 2.13 for different loading conditions. In these figures
comparisons are shown only up to a crack length of 3.5 mm because after that crack
length the influence of coarse mesh is greater on the crack opening stress ratios. The
finite element results are in fair agreement with FASTRAN results for all types of
loadings.
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Figure 2.13 Crack-opening stresses for constant-amplitude loading followed by a
spike under load, plane-stress conditions
2.6 Residual Stresses
At points of stress concentrations like holes, the local stresses are greater than
the applied stresses and may result in local yielding. For holes, this local yielding
occur only if the applied stresses are greater than one-third of the material yield
strength because the stresses at the edge of a hole are at least three times greater than
the applied stress. During the unloading portion of this stress cycle, residual stresses
develop in the region around the hole where the yielding of the material occurs. The
higher the applied stress, the larger the yielded zone and more residual stresses. These
residual stresses are also obtained by inserting an interference fit fastener like in cold
working.
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These residual stresses and the size of yield zone are found by using elasticplastic finite element analysis. The magnitude of these residual stresses will be either
in compression or in tension at the edge of the hole depending upon the applied
loading. Figures 2.14 and 2.15 shows the residual stress distributions for a spike
overload and spike under load cases respectively. For constant-amplitude loading
following these overload/under loads, if the preyielded zone is larger than the small
crack emanating from the hole, the crack growth behavior is dominated by these preexisting residual stresses. These residual stresses exist up to a small distance from the
hole. Since most of the fatigue life is generated when the crack is small, these residual
stresses have considerable effect on fatigue life but for large cracks away from hole
residual stresses have negligible effect.
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CHAPTER III
STRESS INTENSITY FACTORS FOR CRACKS IN PLATES
OR EMANATING FROM CIRCULAR HOLES
3.1 Introduction
In most engineering structures, crack growth is observed from pre-existing
flaws at fastener holes or other type of stress concentrations, particularly in structures
made from lightweight, high strength alloys. Herein, stress intensity factors are
calculated numerically for different crack configurations like a crack in an infinite
plate, an edge crack in semi-infinite plate, single and two-symmetric cracks
emanating from a circular hole in an infinite plate using the Green’s functions from
concentrated force solutions. These stress intensity factor solutions are used to make
life calculations for initial cracks ranging from 10-2 to 1mm in length.
An analysis code was developed to calculate the stress intensity factors
utilizing the Green’s functions developed by Shivakumar and Forman [29,30,31] for a
single and two-symmetric cracks emanating from a circular hole in an infinite plate.
Stress intensity factors obtained from using Shivakumar-Forman Green’s functions
are compared with those developed by Newman [32] for a single and two-symmetric
cracks from a circular hole in an infinite plate. In the case of an edge crack in semi-
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infinite plate and a crack in an infinite plate, the handbook Green’s functions [33]
were used. Stress intensity factors are obtained for these cases in which concentrated
(or wedge) forces act on the crack surfaces. The solutions are obtained for various
loading cases where the expressions for the normal stresses in the absence of cracks
are known along the line in which the actual crack is to lie.
3.2 Internally Cracked Infinite Plate
The mode I stress intensity factor for a single crack of length, 2c, under
remote uniform stress, S, in an infinite plate [33], as shown in Figure 3.1, is
KI = S π c

iiii

(3.1)
S

2c

l l l l l l l l l lS
Figure 3.1 Crack in an infinite plate subjected to remote uniform stress
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Figure 3.2 Crack in an infinite plate with concentrated forces on crack faces
The mode I stress intensity factor for a crack in infinite plate with a pair of
concentrated forces acting on the crack face as shown in Figure 3.2 is given by

KI =

2 Pc

π c c2 − b2

(3.2)

The SIFCC4.for FORTRAN code in Appendix A is used to calculate the
stress intensity factors for the crack in an infinite plate by utilizing the Green’s
function from wedge force solutions, given by Equation 3.2, from the stress analysis
handbook [27]. Although the solution can be found by the Equation 3.1 for this
configuration under remote applied tensile stress, but the wedge force solutions are
useful through superposition techniques to develop solutions for many other crack
configurations. The technique involves first solving for the stresses present on the
crack surface with the crack absent and then using the wedge force solutions to apply
distributed forces to eliminate these stresses on the crack surfaces. For internally
cracked infinite sheets, the wedge force solution is given by Equation 3.2, which can
be integrated to obtain stress intensity factors. In this solution, the load P may be
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replaced with σ dx and b with x for the integration, where σ = σ ( x, 0) is the normal
stress on the crack surface with crack absent. Herein, the integrals are evaluated by
numerical integration, where the crack surface is divided into a number of
incremental elements, ∆x. For simplicity, a uniform stress is applied on the crack

surface and the results are compared with the well-known solution. Input of the
loading is made either in equation form or in tabular form. In the numerical
integration routine, the exact stress intensity factor solution is used for the crack tip
element, given by Equation 3.3b, for a constant stress applied to the element.
For crack tip element

σ=

σ1 + σ 2
2

(3.3a)

where σ1 and σ2 are the stresses acting on the crack tip element at x = c and x = c-∆x,
respectively, the width of the element is ∆x, and the stress intensity factor is given by
2

σ 2π (∆x)

I

KTip =

π

(3.3b)

A convergence study was made, as shown in Figure 3.3, to determine the
number of elements that the crack surface must be subdivided in order to achieve an
accurate solution.
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Figure 3.4 shows the results obtained from the stress intensity factor code and
also compared with the exact solution. The crack length is varied from 0.01 to
0.1mm. the code algorithm is verified for both equation and table input of stress on
the crack surface.
3.3 Edge Crack in Semi-infinite Plate

The mode I stress intensity factors for an edge crack in semi-infinite plate
with a pair of concentrated forces acting on the crack face [33], as shown in Figure
3.5, is given by Equation 3.4, which is same as Equation 3.2 but with a geometric
correction factor to account for the free surface.

KI =

2 Pc

π c c2 − b2

F (bI c)
(3.4)

F (b c) = 1.3 − 0.3(bIc)

5/ 4

P

b

c

Figure 3.5 Edge crack in semi-infinite plate with concentrated forces on crack faces
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Stress intensity factors are calculated numerically for a pair of concentrated
forces on the crack surface by utilizing the wedge force solution from Reference 33
for an edge crack given by Equation 3.4. The same Green’s function technique as
explained earlier is used for this configuration. The SIFCC4.for code in Appendix A
is used to calculate the stress intensity factors for various crack lengths. A constant
uniform stress is applied as the loading condition on the crack surface either in
equation form or in table form. The results are shown in Figure 3.7, varying the crack
length from 0.001 to 0.01mm. The exact solution can be calculated by the equation
3.5 for the edge crack in semi-infinite plate, Figure 3.6, with an applied remote
uniform stress of unity.
K I = 1.1215 S

πc

iiiiiiiiii

(3.5)
S

c

llllllllll

S

Figure 3.6 Edge crack in semi-infinite plate with remote uniform stress
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3.4 Single Crack Emanating from a Circular Hole in an Infinite Plate

Stress intensity factors, KI, are calculated for a point-loaded crack emanating
from a circular hole in an infinite plate as shown in Figure 3.8, using ShivakumarForman equations [29], given by

KI =

P

πc

F (λ , β )

(3.6)

where
λ = cI r

β = bI c

I

I

I

F = [2 β (1 − β )]1/ 2 + C (α , β ){2(1 + Fβ ) (1 − β 2 )1/ 2 − [2 β (1 − β )]1/ 2

α = (1 + λ ) −1
5

C (α , β ) = ∑ Cm,0α
m =1

m/2

5

3

+ ∑∑ Cm ,nα m / 2 β n / 2
m =1 n =1

Fβ = (1 − β )(0.2945 − 0.3912 β 2 + 0.7635β 4 − 0.9942 β 6 + 0.5094β 8 )
2
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Table 3.1 The coefficients of Cm,n
Cm,n
m

Cm,0

Cm,1

Cm,2

Cm,3

1

0.8164

-4.5911

7.6059

-3.8529

2

0.0492

17.3181

-36.8465

20.6753

3

-0.4831

-30.5563

75.4833

-44.3540

4

-0.1746

26.2877

-73.1167

44.2607

5

0.7952

-8.4570

26.8666

-16.7296

The coefficients of Cm,n are determined to fit the numerical results in
Reference 29 and are listed in Table 3.1.

P

b

r
c

Figure 3.8 A single crack emanating from a circular hole in an infinite plate with
concentrated forces on crack faces
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The SIFCC4.for code in Appendix A is used to calculate the stress intensity
factors for the crack emanating from circular hole in an infinite plate by utilizing the
Green’s functions developed by Shivakumar and Forman [29]. Two types of loading
conditions are tested. For simplicity, a uniform stress is applied on the crack surface
so that the equation would look like, σ = 1, a constant and then a more complex
equation, such as Timoshenko’s stress distribution, was used. In the code, the stress
equation was assumed to be in the form of

σ = A1 + A2 ( x / r ) + A3 ( x / r )2 + A4 ( x / r )3 + A5 ( x / r )4
or

(3.7)

σ = A1 + A2 (r / x) + A3 (r / x) + A4 (r / x) + A5 (r / x)
2

3

4

The code is valid for expressions up to x4 (or fourth degree polynomial
equations) only, but could be easily modified for higher-order terms. For simple
uniform stress, σ = 1, the coefficients are, A1 = 1, A2 = A3 = A4 = A5 = 0. The code
has an option to select either positive or negative powers of x depending on the stress
distribution. The other loading assumed for testing the validity of code was the
Timoshenko’s stress distribution for a hole in an infinite plate [17]. The normal stress
equation is given by

σ = 1 + 0.5(r / x) 2 + 1.5(r / x) 4

(3.8)

and the coefficients would be A1 = 1, A2 = 0, A3 = 0.5, A4 =0, A5 = 1.5.
The inputs for these loading conditions are made either in equation form or in
a table form. Here the crack surface is divided into 1000 elements from the
convergence study made on two-symmetric cracks from circular hole. Lets assume
we have a crack emanating from hole in an infinite plate under remote uniform stress
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of unity (S = 1 MPa), then according to Newman [32], the stress intensity factors are
calculated by Equation 3.9 and are shown in Figure 3.9. This remote uniform stress
produces stresses along the crack surface given by Equation 3.8 according to
Timoshenko [17] with the crack absent. Using Green’s function developed by
Shivakumar and Forman, the stress intensity factors are calculated for this loading
given by Equation 3.6, and are compared with the Newman’s solution as shown in
Figure 3.9. For this case, the radius of hole was assumed to be 1mm and the crack
length is varied from 0.01 to 0.1mm.
Based on the results from boundary-collocation analyses, Newman’s equation
for cracks emanating from circular hole with remote uniform stress [32], is
K hs = K ∞s Fhs = S π d Fhs

(3.9)

where K s∞ is for a crack in an infinite plate without a hole, d = r + c and Fhs is the boundary
correction factor for the circular hole.
The equation for Fhs is

r=

Fhs = 1 −

r
fn
d

where n = 1 is for a single crack and n = 2 is for two symmetric cracks. The functions
fn determined to fit the numerical results from Reference 32 are

f1 = 0.707 + 0.765λ + 0.282λ 2 + 0.74λ 3 + 0.872λ 4
and
f 2 = 1 + 0.358λ + 1.425λ 2 − 1.578λ 3 + 2.156λ 4
where λ= rI d = r /(r + c).
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Figure 3.9 Comparison of stress intensity factors for a single crack from a circular
hole between Newman’s equation and Shivakumar-Forman’s Green
function.
The normalized boundary-correction factor, F, is calculated for this loading
for the presence of circular hole in an infinite plate and was found to be 3.3639 for
Shivakumar and Forman’s Green function (equations 3.6) and 3.3659 for Newman’s
approximate solution (equation 3.9), which are close to 3.3645 (exact limiting value).
The results are plotted in Figure 3.10, and the relative difference is calculated and
found to be less than ±0.05% between Newman’s equation and Shivakumar-Forman’s
Green’s function approach. The stress intensity factors are also calculated for a
uniform loading on crack surface, (σ = 1 MPa), with crack lengths varying from 0.01
to 0.1 mm and the results are plotted as in Figure 3.11.
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Shivakumar-Forman’s Green function.
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Figure 3.11 Stress intensity factors for a crack emanating from a circular hole in an
infinite plate with uniform stress applied on crack surface

3.5 Two-symmetric Cracks Emanating from Circular Hole in an Infinite Plate
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Newman [32] obtained the stress intensity factors for two cracks emanating
from a circular hole subjected to a symmetric pair of concentrated forces in an infinite
plate, as shown in Figure 3.12, from a boundary-collocation analysis. An equation
was fitted to the numerical results of boundary-collocation analysis, and is

t

K hp = K ∞p Fhp =

2 Pd

π d (d − b )
2

2

Fhp

(3.10)

where K ∞p is for a crack in an infinite plate without a hole, d = r + c and Fhp is the boundary
correction factor for the circular hole.

The equation for boundary-correction factor is
⎛ 1− γ ⎞
⎛ 1− γ ⎞
F = 1 + A1 ⎜
⎟
⎟ + A2 ⎜
⎝ 1− λ ⎠
⎝ 1− λ ⎠
A1 = −0.02λ 2 + 0.558λ 4
p
h

2

(3.11)

A2 = 0.221λ 2 + 0.046λ 4
where γ = b/d and λ = r/d for λ ≤ γ ≤ 1 and 0 ≤ λ <1.

i rJ
H

P

b

r

P

2d

Figure 3.12 Two-symmetric cracks from a circular hole in an infinite plate subjected
to concentrated forces on crack surface.
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Shivakumar and Forman’s [30,31] equations are
P

_t

KI =

πc

FI (c ± )

(3.12)

where FI (c + ) refers to the right crack tip and FI (c − ) refers to the left crack tip.
FI (c + ) = [(1 + β ) /(1 − β )]1/ 2 + A+ (α , β ) × [2(1 + Fβ ) /(1 − β 2 )1/ 2 − {(1 + β ) /(1 − β )}1/ 2 ]

FI (c − ) = [(1 − β ) /(1 + β )]1/ 2 [1 − A− (α , β )]
6

6

3

A± (α , β ) = ∑ Am± ,0α m / 2 + ∑∑ Am± ,nα m / 2 β n / 2
m =1

m =1 n =1

Fβ = (1 − β )(0.2945 − 0.3912 β + 0.7635β 4 − 0.9942 β 6 + 0.5094β 8 )
2

2

The coefficients of Am± ,n are determined to fit the numerical results in
References 30 and 31 and are listed in Tables 3.2 and 3.3
Table 3.2 The coefficients of Am± ,n

m

Am+ ,0

Am+ ,1

Am+ ,2

Am+ ,3

1

0.1206

-0.0152

0.0247

0.2199

2

-0.9213

-1.0104

2.3663

-5.1128

3

5.6288

0.7841

-5.23304

22.1371

4

-11.1246

2.0877

5.4043

-44.1147

5

9.9127

-2.7520

-7.3772

43.7751

6

-2.6132

0.9076

4.8125

-16.9059

m

Am− ,0

Am− ,1

Am− ,2

Am− ,3

1

0.1370

-0.3747

0.7558

-0.2165

2

0.0769

1.8495

-5.7783

0.2717

3

7.4482

-10.4449

30.1129

-3.8853

4

-19.4000

24.3391

-73.9272

16.4607

5

21.3576

-23.1096

77.4179

-21.6280

6

-8.6197

7.7426

-28.5877

8.9970
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Table 3.3 The coefficients of Am ,n

m

Am ,0

Am ,1

Am ,2

Am ,3

1

0.8164

-4.5911

7.6059

-3.8529

2

0.0492

17.3181

-36.8465

20.6753

3

-0.4831

-30.5563

75.4833

-44.3540

4

-0.7146

26.2877

-73.1167

44.2607

5

0.7952

-8.4570

26.8666

-16.7296
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Figure 3.13 Two-symmetric cracks from a hole subjected to remote uniform stress

47
0.320

0
0.315

d/r

=1.10

K1 =S (rr c)

LL

0.310

F

Two cracks at hole under remote tension:

0

--0.305
1e+0

112

1e+1

1e+2

1e+3

1e+4

Newman's Green function
Handbook solution [34)

1e+5

1e+6

1e+7

1e+8

1e+9 1e+10

Number of elements
Figure 3.14 Convergence study of boundary-correction factor for two-symmetric
cracks from a circular hole
The Green’s functions developed by Newman [32] and by ShivakumarForman [30,31] are used to calculate the stress intensity factors for two-symmetric
cracks emanating from a circular hole in an infinite plate. SIFCC4.for code in
Appendix A is utilized to find stress intensity factors. Two different types of loading
conditions are tested, a constant uniform stress and Timoshenko’s stress distribution
(given by Equation 3.8) along the crack surface. The input of these loading conditions
is made either in equation form or in a tabular form. Here the crack surface is divided
into 1000 elements from the convergence study made on two-symmetric cracks from
circular hole (see Figure 3.14). Various d/r ratios are considered in the study and for
1000 elements along the crack surfaces, the solution has reached with a percentile
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difference of +/-0.5 %. Figure 3.14 shows the convergence for d/r ratio of 1.10,
considering Newman’s Green function [32]. Similar trend is observed when
Shivakumar-Forman’s Green function [30,31] is used.
The second loading is considered to follow the Timoshenko’s stress
distribution along the crack surface so that we can compare the results with those
developed by Newman for the cracks emanating from circular hole having remote
uniform stress (Equation 3.9). Figure 3.15 shows the comparisons of the results of
stress intensity factors from Newman’s [32] and Shivakumar-Forman’s Green
functions [30,31] with Newman’s boundary collocation method [32].
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Figure 3.15 Comparisons of stress intensity factors from two Green’s function
approaches with Newman’s equation for two cracks at a hole under
remote tension.
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It is clear from Figure 3.15 that the results for stress intensity factors from the
Green’s function for both Newman and Shivakumar-Forman do not exactly coincide
with those from Newman’s boundary collocation method. The relative difference is
calculated for various crack lengths, from 0.01 to nearly 30mm for both methods. The
results showed ±1% difference in Newman’s equations and less than ±0.5%
difference in Shivakumar-Forman’s equations as shown in Figure 3.16.
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Figure 3.16 Percentile difference between Newman’s equation and two Green
function approaches for two-symmetric cracks at a circular hole.
Normalized boundary-correction factors are also calculated and the results are
plotted in the Figure 3.17 (a) (up to a crack length of 4mm is shown because for large
crack lengths the error decreased, which means the equations are very accurate for
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long cracks), which shows that the limiting boundary correction factor due to a hole is
3.2255 from Newman’s boundary collocation method [32], 3.2005 from Newman’s
and 3.2329 from Shivakumar-Forman’s Green’s function for a pair of symmetric
concentrated forces acting on the crack surface with the loading of Timoshenko’s
stress distribution (given by Equation 3.8). Figure 3.17 (b) shows the relative error
found to be ±1% between the two Green’s function approaches and between
Newman’s equation [32]. The stress intensity factors are also calculated for a uniform
loading on crack surface, (σ = 1 MPa), with crack lengths varying from 0.01 to
0.1mm and the results are plotted as in Figure 3.18.
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3.6 Finite-Width Corrections

The equations given in the preceding sections for stress intensity factors
(Equations 3.9 and 3.10) by Newman [32] are for cracks emanating from a circular
hole in an infinite plate. But these quantities may be influenced by the finite width of
a plate. Therefore, some approximate finite-width corrections are applied [32]. The
stress intensity factor for a crack in a finite-width plate is
(3.13)

K = K ∞ FW

where K ∞ is the stress intensity factor for cracks emanating from a circular hole in an
infinite plate and FW is the finite-width correction for the particular loading
condition.
3.6.1 Remote Uniform Stress

The approximate boundary-correction factor for two symmetric cracks
emanating from a circular hole in a finite-width plate subjected to uniform stress is
⎛ πr ⎞ ⎛πd ⎞
FWS = sec ⎜
⎟
⎟ sec ⎜
⎝ 2w ⎠ ⎝ 2w ⎠

-

-

(3.14)

for r/w ≤ 0.5 and d/w ≤ 0.7. Equation (3.14) is within ±2 percent of boundary
collocation results [32]. The equation accounts for the influence of width on stress
concentrations at the edge of hole and the influence of width on stress intensity
factors. The approximate boundary-correction factor for single crack emanating from
a circular hole in a finite-width plate subjected to uniform stress is
⎛π r +c 2 ⎞
FWS = sec ⎜
⎟
⎝ 2 w+c 2⎠

(3.15)
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3.6.2 Partially-Loaded Crack

The approximate boundary-correction factor for two symmetric cracks
emanating from a circular hole in a finite-width plate subjected to partial loading on
the crack surface was obtained from the infinite periodic array of cracks solution [32].
The modified correction factor is
⎡
⎤
⎢ sin −1 B − sin −1 B ⎥
⎛πd ⎞
2
1
⎥ sec ⎜
FWσ = ⎢
⎟
⎝ 2w ⎠
⎢ sin −1 ⎛ b2 ⎞ − sin −1 ⎛ b1 ⎞ ⎥
⎜ ⎟
⎜ ⎟⎥
⎢⎣
⎝d⎠
⎝ d ⎠⎦

(3.16)

where

I

BK = sin (π bK I 2 w ) sin (π d I 2 w )

r/w ≤ 0.25 and d/w ≤ 0.7.
3.7 Residual Stress Intensity Factors

For constant-amplitude cyclic loading, following a high overload, if the extent
of the yielded material is larger than the crack length emanating from hole, the crack
growth behavior would be primarily dominated by the pre-existing residual stresses.
Crack growth rates will be lower, resulting from reduction of maximum and
minimum stress intensity factors (corresponding to Smax and Smin of each applied load
cycle), thereby reducing the residual stress intensity ratio (i.e., the resultant R-ratio).
With the assumption that the applied cyclic stress does not significantly alter
the state of the residual stress during crack propagation, the total stress intensity
factor range is
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( ∆K )T = ( K max )T − ( K min )T

= ( K max, S + K res ) − ( K min, S + K res )
= K max, S − K min, S = ( ∆K )app

(3.17)

and the residual stress intensity ratio is

Rres =

Kmin,S + Kres
Kmax,S + Kres

≠ Rapp

(3.18)

Here, the subscripts “S” and “res” denote applied stress and residual stress,
respectively. Therefore, unlike the applied R-ratio, the value is a constant
(Kmin,S/Kmax,S), Rres is a function of c/r (with c being the crack length and r being the
radius of a hole).
Since ∆K does not change (with and without residual stress), the retardation is
due to the reduction of R. Crack growth behavior changes as the crack grows due to R
changes resulting from the superposition of applied stress and residual stresses.
Therefore, it is anticipated that crack growth in a specimen containing a yielded hole
can be predicted by treating the crack as if it is propagating under a sequence of
applied elastic stresses but having its corresponding R-ratios modified by the preexisting residual stresses.
The residual stresses for the specimen shown in Figure 2.1, with a spike
overload are shown in Figure 2.14, obtained from elastic-plastic finite element
analysis. These residual stresses are used to calculate the residual stress intensity
factors using the code SIFCC4.for in Appendix A and are presented in Figure 3.19
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with an initial crack length of 0.254 mm, along with σres from the edge of the hole. It
is clear from the plot, that the influence of residual stress intensity factors is greater
for smaller crack lengths and the effect of these stress intensity factors decreases
away from the hole. The distribution of the total stress intensity factors, in the case of
spike overload, the specimen is subjected to constant amplitude cyclic stress of 144.8
MPa with R = 0 after one cycle of SOL = 248.2 MPa , is presented in Figure 3.20. The
variation of Rres, formulated using Equation 3.17, are shown in Figure 3.21.
Alternatively, the variations of Rres can be estimated from actual crack growth rate
test data.
For the spike under load case, the specimen is subjected to constant amplitude
of 144.8 MPa with R = 0 after one cycle of SUL = 248.2 MPa and the resultant residual
stress intensity factors are presented in Figure 3.22 with an initial crack length of
0.254mm, along with σres from the edge of the hole. Figures 3.23 and 3.24 shows the
variation of KT and Rres after an under load.

56
100

nJ

a.

:E

..
ti)
ti)
Cl)
i..

crres/
I
I

0

,:,

....

\

-100

-200

---N

E
nJ

a.

-4

Overload case

Sol= 248.2 MPa

I
I
I

,

-300

0

-2

'

ti)
Cl)

2

' ...... _-- ------

I
I
I
I
I
I
I
I
I

Cl)

nJ
:::,

I

/

:E

ti)

-6

"

-8

-400
2

4

6

8

10

12

14

Distance from hole, x, mm
Figure 3.19 Distribution of σres and Kres after overload

(Kmax)T at 144.8 MPa

40

30

---N

20

E

a.

:E

.,.:.

10

0

-10

-20

./

0

/

/------------------- --(Kmjn)T at O MPa
R=O

5

10

15

Crack length, c, mm

Figure 3.20 Variation of KT after overload

20

25

57
1

0

Smin = 0 MPa

-1

Overload case
Sol= 248.2 MPa
Cyclic Stress Smax = 144.8 MPa
Smin = 0 MPa
R = 0

-3

-4

-5 ---~----------------~--0
5
10
15
20
25
Crack length, c, mm
Figure 3.21 Variation of Rres after overload
400

n,

a.

==1/)
1/)

....
en
a,

I
I
I
I
I
\
I
I
\
\
\
\
\

300

200

I..

n,
:::s
'O

100

1/)

a,

0::

8

"I

0

6

N

Underload case

2

4

E
n,

a.

Sul = 248.2 MPa

2

==1/)
a,

\

\

crres\

-1 00

---

\

" ...,I
4

/

.,,..

I..

----- ----

0
-2

6

8

10

Distance from hole, x, mm
Figure 3.22 Distribution of σres and Kres after under load

12

14

58
(Kmax)T at 144.8 MPa

40

30

N

-

"'"-'"
E

20

ns

a.

.,:.

10

"'\

0

\

\

...._

___________________ _
(Kmin)T at O MPa

R=O

-10 .___ _ ___.__ _ _ _..___ _ ___.__ _ _ __.___ _ ____.
0

10

5

15

20

25

Crack length, c, mm
Figure 3.23 Variation of KT after under load
0.6

Underload case

0.5

Sul= 248.2 MPa

0.4

"'...

Cyclic Stress Smax = 144.8 MPa
Smin = 0 MPa

0.3

R =O

(1)

0:::

0.2
0.1
0.0
-0.1

Smin = O MPa
0

5

10

15

Crack length, c, mm
Figure 3.24 Variation of Rres after under load

20

25

CHAPTER IV
FATIGUE CRACK GROWTH
4.1 Superposition Prediction Methodology
The superposition technique, used in calculating crack growth life, is the
superposition of applied stress intensity factors and residual stress intensity factors.
The applied stress intensity factors are calculated from Newman, [32], for a single
crack or for two-symmetric cracks emanating from circular hole in an infinite plate
under remote uniform stress S, given by the Equations 3.9. A finite width correction
factor is applied, Equation 3.14 for two-symmetric cracks and Equation 3.15 for
single crack.
The residual stress intensity factors are obtained from the residual stresses
computed from finite element analysis (refer Chapters 2 and 3). The stress intensity
factors due to applied loading and due to residual stresses are added to give resultant
stress intensity factors at maximum and minimum load. If the maximum and
minimum resultant stress intensity factors are less than zero, it means a compressioncompression loading is applied and the subject is beyond the scope of the present
paper, so the crack is not grown any further.
The total stress intensity factor range (∆KT) was computed as the difference
between the maximum and minimum resultant stress intensity factors, given by
59
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Equation 3.17 and then residual stress intensity ratio (Rres) is calculated, given by
Equation 3.18. Thus, the crack growth rate (dc / dN) at this Rres and ∆K is calculated
in the following manner. First, the normalized crack-opening stresses are found from
the closure model [35], given by the Equation 4.1, using R = Rres and Smax/σo = 0.1
(the crack opening stresses does not depend on Smax/σo ratio for small scale yielding),
and then using closure ratio (U), given by Equation 4.2, ∆K is found at each known

∆Keff (for example, Table 4.1 gives the baseline effective stress-intensity factor
against rate relationship for 2024-T3 aluminum alloy material), which results in a ∆Krate curve at the stress ratio of Rres. From this ∆K-rate curve, the crack growth rate
(dc/dN) is determined for the resultant stress intensity factor range ∆KT (from
Equations 3.16). Using this crack growth rate and with a prescribed small ∆c, a
corresponding ∆N is found. These incremental values are added to the previous
values of c and N in calculating crack growth life. The code used for this
superposition technique is given in Appendix B.

SO Smax = A0 + A1 R + A2 R 2 + A3 R 3 for R ≥ 0
and

for -1 ≤ R< 0

SO S max = A0 + A1 R

when SO ≥ Smin . The coefficients were

(

)

A0 = 0.825 − 0.34α + 0.05α 2 [ cos(π S max 2σ O ) ]
A1 = ( 0.415 − 0.071α )( S max σ O )
A2 = 1 − A0 − A1 − A3
A3 = 2 A0 + A1 − 1

1/ α

(4.1)
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The effective stress intensity factor range is given by

I

I

∆K eff = U ∆K = ⎡⎣(1 − SO Smax ) (1 − R ) ⎤⎦ ∆K

Compute applied stress

Compute residual stress

•

intensity factors, Kmax,S
and Kmin,s, for remote
applied stresses

residual stresses obtained
from FEA

Compute total stress intensity
range, ∆KT, and residual stress

-)

opening stresses, So,

intensity factors, Kres, for

i

Compute crack

intensity factor ratio, Rres

from closure model

I

dc/dN = f(∆Keff)

Compute ∆K using closure
ratio

<

Use material property

∆K = ∆Keff / U

t

Update
c = c + ∆c
N = N + ∆N

(4.2)

Compute dN
∆N = ∆c / f(∆K,Rres)

Figure 4.1 Superposition method

4.2 Materials

62

Fatigue-crack-growth rate data on the three materials were obtained from the
literature. The data for 2024-T3 alloy were obtained from Hudson [36] and Phillips
[37]; the data on the 2024-T351 alloy were obtained from the Liu [14]; and the data
on the 7075-T6 alloy were obtained from NASA [36,38].
4.2.1 Aluminum Alloy 2024-T3

The effective stress-intensity factor range against crack growth rate data for
the 2024-T3 aluminum alloy used in this study are shown in Figure 4.2. These data
were obtained from Hudson [36] and Phillips [37] over a wide range of stress ratios.
The yield stress was 345 MPa and the ultimate tensile strength was 480 MPa. On the
basis of ∆Keff, the data collapsed into a narrow band with several changes in slope
occurring at about the same crack growth rate for all stress ratios. Some differences
were observed in the threshold regime for rates lower than about 2E-09 m/cycle. For
these calculations, a constraint factor (α) of 2 (nearly equivalent to Irwin’s planestrain condition, α = 1.73) was selected for rates less than 1E-07 m/cycle and α equal
to 1 was selected for rates greater than 1E-06 m/cycle [36,37]. For intermediate rates,
α was varied linearly with the logarithm of crack-growth rate. The value of α = 2 was
selected to collapse the various R-ratio data onto nearly a single ∆Keff-rate curve. At
high rates, it is expected that nearly plane-stress conditions should prevail and a low
value of α was selected. The location of the constraint-loss regime in terms of rate
was selected to approximately match the transitional region from flat-to-slant crack
growth [36,37].
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Figure 4.2 Effective stress intensity factor range against crack-growth rate for 2024T3 aluminum alloy
The baseline effective stress-intensity factor against rate relationship used in
the FORTAN code of Appendix B is the solid line with open symbols in Figure 4.2.
In the low crack growth rate regime, near and at threshold, the baseline curve was fit
to small crack data [39]. A table-lookup form with simple power law relation is used
between each data point, as shown by the lines between each data point. The tablelookup form is used because many materials show transitions in rates at various
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locations along the curve. These transitions are associated with microstructure and
environment. The baseline relation for the 2024-T3 aluminum alloy is given in Table
4.2. Pearson [40] observed in two commercial aluminum alloys that cracks with
lengths smaller than 0.5mm grew much faster than long cracks. However, long crack
data on the same materials generated by Phillips [37] agreed with Pearson’s small
crack data [41]. Thus, it was concluded that Pearson’s long crack data exhibited low
rates and a high threshold due to the load-shedding test procedure [38]. The current
superposition method does not account for the transient crack-closure effects
associated with small crack growth because only steady-state constant amplitude
crack-opening stresses are used in the analyses (Equation 4.1)
Table 4.1 Effective stress intensity factor and crack growth rate for 2024-T3.
∆Keff, MPa-m1/2 dc/dN, m/cycle
0.80

1.00e-11

1.05

1.00e-10

2.05

2.00e-9

4.00

8.00e-9

7.70

1.00e-7

13.5

1.00e-6

23.0

1.00e-5

36.0

1.00e-4

85.0

1.00e-2

α = 2.0

1.00e-7

α = 1.0

2.50e-6
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4.2.2 Aluminum Alloy 2024-T351

Figure 4.3 shows a crack-closure analysis of Liu’s data [14,15], which shows
∆Keff against rate using the crack-opening stress equations developed from
FASTRAN analyses [35]. The yield stress was 372 MPa and the ultimate tensile
strength was 490 MPa. For rates lower than 10-9 m/cycle, the plate material was
assumed to agree with thin-sheet material. And for rates greater than 10-5 m/cycle, the
plate material was, again, assumed to agree with the thin-sheet material and match a
point taken from a KR-curve on 6-mm thick material (NASGRO [42] database).
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Figure 4.3 Effective stress intensity factor range against crack-growth rate for 2024T351 aluminum alloy
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Cracks growing in thin-sheets and plates show a flat fatigue-crack surface at
low rates and usually, a slant fatigue-crack surface at high rates. This transition from
flat-to-slant crack growth is characteristic of a constraint loss, in that, the constraint
changes from plane strain to plane stress during this transition. The vertical dashed
line in Figure 4.3 shows the transition location in terms of ∆Keff that was calculated
using the Equation 4.3, obtained from Reference 43.

_t

(∆K eff )T = 0.5σ o B

(4.3)

The data collapsed into a narrow band, except in the region around 10-7
m/cycle. Here some spread in the data was apparent as a function of R ratio. The
baseline curve (solid curve with open symbols) was chosen to fit the average of these
data and is used in the FORTRAN code. A table-lookup form is given in Table 4.2.
Table 4.2 Effective stress intensity factor and crack growth rate for 2024-T351.
∆Keff, MPa-m1/2 dc/dN, m/cycle
0.80

1.00e-12

1.10

5.00e-11

2.05

2.00e-9

4.00

8.00e-9

7.70

1.00e-7

13.5

1.00e-6

23.0

1.00e-5

36.0

1.00e-4

85.0

1.00e-2

α = 2.0

4.00e-7

α = 1.0

1.50e-5
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4.2.3 Aluminum Alloy 7075-T6

An effective stress-intensity factor against rate relationship had been
previously been obtained on the thin-sheet 7075 alloy [38,43]. The yield stress was
520 MPa (75 ksi) and the ultimate tensile strength was 575 MPa (83 ksi). Figure 4.4
shows this correlation on the data generated in Reference 36 for various stress ratios.
The data collapsed into a narrow band with several transitions in slope occurring at
about the same rate for all stress ratios. Some differences were observed in the highrate regime. The flat-to-slant crack-growth regime (constraint-loss regime) was
defined and the values of constraint (α) were established from variable-amplitude
load tests in Reference 38. For rates less than about 10-9 m/cycle, the baseline curve
(solid curve and open symbols) was fit to small-crack data [39] and this relationship
will be used in FORTRAN code. A table-lookup form is given in Table 4.3.
Table 4.3 Effective stress intensity factor and crack growth rate for 7075-T6.
∆Keff, MPa-m1/2 dc/dN, m/cycle
0.90

1.00e-11

1.25

1.00e-9

3.40

1.00e-8

5.20

1.00e-7

11.9

1.00e-6

20.0

1.00e-5

50.0

7.00e-4

α = 1.8

7.00e-7

α = 1.2

7.00e-6
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Figure 4.4 Effective stress intensity factor range against crack-growth rate for 7075T6 aluminum alloy
4.3 Prediction of Fatigue Life using Superposition Method

The superposition method was used with or without residual stresses for a
through crack and the effective stress-intensity factor range against rate relations to
predict the fatigue (or crack growth) lives of three aluminum alloy materials. The
baseline crack-growth rate data for these materials were obtained from large-crack
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data, ignoring the large-crack threshold, and using small-crack data at extremely low
rates. In the following, some typical examples of using superposition method to
predict fatigue behavior will be presented.
4.3.1 Test Series - 1

The tests conducted at Georgia Tech [13] were analyzed using the
superposition method for three loading conditions applied to the circular hole
specimens. The initial defect was assumed to be very small through cracks emanating
from the edge of the hole. First, predictions are made under constant amplitude
loading for an applied remote stress of 144.8 MPa (21 ksi) at R = 0; second, a spike
overload of 248.2 MPa (36 ksi) followed by a constant amplitude loading of 144.8
MPa at R = 0; and third, a spike under load of -248.2 MPa followed by a constant
amplitude loading of 144.8 MPa at R = 0. The results are also compared with
FASTRAN analyses. The FASTRAN analyses include small-crack effects that are not
included in the superposition method.
Figures 4.5 and 4.6 show the measured and predicted fatigue lives of
aluminum alloy 2024-T3 circular hole specimen under different loading conditions.
The initial crack was assumed to be two-symmetric through cracks. The test specimen
used at Georgia Tech [13] is shown in Figure 2.1. Several specimens are pre-yielded
at the hole by applying an overload of 248.2 MPa to induce compressive residual
stresses and then the specimen was loaded with constant amplitude loading of 144.8
MPa (R = 0). These results from Georgia Tech [13] are plotted as solid circular
symbols for overload case in Figures 4.5 and 4.6. The overload tests showed wide
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scattering of results. For the under load case, the results are plotted as solid squares
and they are less scattered. The open symbols of squares and circles show the data of
test results from the NASA report in Reference 44 for R = 0. There was no data for a
diameter-to-width ratio of 0.094, so from the available data, the diameter-to-width
ratio of 0.0625 and 0.125 was selected to bound the expected results.
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Figure 4.5 Measured and predicted (superposition method) fatigue lives for
aluminum alloy 2024-T3 under different loading conditions.
A FASTRAN analysis was also performed to fit the data. Various initial crack
sizes were selected by trial-and-error to find the best value to fit the data. FASTRAN
analyses (constant amplitude loading) showed a 4µm initial crack size fit the upper
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bound and a 14µm initial crack size fit the lower bound, so a 6µm initial crack size fit
the test data in between as shown by the solid and dashed lines in Figures 4.5 and 4.6.
The predictions from superposition method are shown in Figure 4.5 for two
initial crack sizes 25µm (open symbols) and 6µm (solid symbols) for different
loading conditions. The predictions from superposition method for the under load
case agreed well with the experimental data. But in the case of overload, the analyses
show that the superposition method predicted longer lives than the experimental data.
The predictions from FASTRAN are shown in Figure 4.6. The superposition method
predicted shorter lives when compared with FASTRAN for both constant amplitude
loading and for the under load case. But in the case of overload, the superposition
method predicted much longer lives than the FASTRAN predictions. The trends
observed in both the FASTRAN analyses and the superposition method are the same.
The FASTRAN analysis predicts that for the overload case, its life cycles are 10
times the constant amplitude loading and for the under load case the life was 0.67
times the life under constant amplitude loading. Similarly, the superposition method
predicts that for the overload case, its life cycles are 50 times the constant amplitude
loading and for the under load case the life was 0.64 times that of constant amplitude
loading.
In the superposition method, the ∆Keff –rate curve from Figure 4.2, which is
based on small-crack growth behavior, is used. However, the superposition method
does not account for small-crack effects due to crack-closure transients, which are
modeled in the FASTRAN code.
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Figure 4.6 Measured and predicted (FASTRAN) fatigue lives for aluminum alloy
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4.3.2 Test Series - 2

The tests conducted by Liu [14,15] were analyzed using the superposition
method (FORTRAN code in Appendix B) for two loading conditions. First, crackgrowth predictions are made under constant-amplitude loading, and second, the preyielded holes were analyzed. Comparisons are made between test and analyses for
many of the test conditions reported by Liu.
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Liu tested a group of five specimens (2024-T351, B = 6.35 mm, W = 152.4
mm), with a hole drilled at the center of each specimen. The hole size was either 12.7
or 19.05 mm in diameter. The specimens are subjected to one severe overload cycle at
the beginning of each test. The magnitude of the overload was 248.2 MPa (2/3 of the
material tensile yield strength). An electrical-discharge machined (EDM) cut is made
at the hole edge after applying the overload. The specimens contained only one crack
at the hole edge. Following the removal of this load, an EDM cut (a crack starter) was
inserted at the edge of the hole. Then the specimens are subjected to constant
amplitude cycles at a stress levels of 103.4 or 124.1 MPa with R = 0.1.
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r=6.35mm
w=76.2mm
h = 152.4 mm
B =G.35 mm

Figure 4.7 The two meshes for determining the residual stresses
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Figure 4.8 Distribution of residual stresses after overload, A2-24
A finite-element analysis in ZIP2D [18] was performed to find the residual
stresses due to the SOL = 248.2 MPa. The meshes used in this analysis are shown in
Figure 4.7. Because of symmetry only one quarter of the mesh is shown and used in
the analysis. These are modifications to MESH III developed in Chapter 2 to model
the same hole diameters. As discussed earlier, applying a high load could cause the
yielding of the hole and thereby develop residual stresses in the vicinity of the hole
after the applied load was removed. These residual stresses are determined using
finite-element analysis and shown in Figures 4.8 and 4.9. The residual stresses show
a maximum compressive stress at the edge of the hole nearly same magnitude as the
yield strength of the material. An EDM cut is machined into one side of the hole of

length varying from 0.24 to 1.83 mm depending on the specimen. The EDM cut
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removes some of the plastically deformed material and compressive residual stresses
at the edge of the hole. As the length of EDM cut is more the influence of
compressive residual stresses decreases.
ti)

0.4

ti)

0.2

-

6"'
Cl)
I..

b

ti)
Cl)
ti)
ti)
Cl)

...

0.0
-0.2

I..

ti)

"C
ti)

f

"C
Cl)
N

E
I..
0

z

A2-30
D = 19.05 mm
B = 6.35 mm
Sol = 248.2 MPa
crys = 373 MPa

-0.4
-0.6
-0.8
-1.0
-1.2

0

1

2

3

4

5

6

7

Normalized distance from hole center, x / r
Figure 4.9 Distribution of residual stresses after overload, A2-30
Figures 4.10 to 4.12 show comparisons made between the tests, FASTRAN
predictions and also predictions from superposition method. The figures show loglinear plots of crack length against cycles, so that the unique behavior of the tests and
analyses can be observed in the small crack regime. The open symbols in these plots
are the data from tests conducted by Liu [14,15]. The dash-dot-dot curves are the
predictions made with FASTRAN and dash-dot curves are the predictions made with
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superposition method for constant amplitude loading (no overload). The superposition
method was able to accurately describe the influence of the compressive residual
stresses on crack growth for most of the test cases. These results shows a significant
difference in total life between the no overload and the pre-yielded condition. The
shapes of the curves from superposition method are consistent with the shapes of
curves from FASTRAN predictions.
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Figure 4.10 Measured and predicted fatigue crack growth in 2024-T351 (A2-30)
For the specimen A2-30, an EDM cut of 1.83 mm is machined, so the initial
crack length used in the superposition method is 1.83 mm. The results of fatigue
crack growth tests and analyses are shown in Figure 4.10. The plot shows that the
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superposition method predicts lives shorter than the experimental data and
FASTRAN analyses, but the difference is small.
The plot also indicates that the superposition method with constant amplitude
loading (no overload) predicts longer lives compared with the preyielded hole. But
the shape of the curve is different which indicates that compressive residual stresses
dominated in the beginning, predicting longer lives than constant amplitude loading
and when the tensile residual stresses started to dominate the failure of the specimen
accelerated thus decreasing the number of cycles to failure compared to constant
amplitude loading.
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Figure 4.11 Measured and predicted fatigue crack growth in 2024-T351 (A2-31)
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The specimen A2-31 had an EDM cut of 1.03 mm, so the initial crack length
used in the superposition method is 1.03 mm. The results of fatigue crack growth tests
and analyses are shown in Figure 4.11. Liu [14,15] started recording the test data
when the crack length was 2 mm so the results of current superposition method and of
FASTRAN are also presented starting from a crack length of 2 mm. Here the applied
maximum stress is increased and the length of EDM cut is decreased when compared
to the last test. The plot indicates predicted fatigue lives from superposition method
are in better correlation with the experimental data. The FASTRAN results also
agreed well with the experimental data.
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Figure 4.12 Measured and predicted fatigue crack growth in 2024-T351 (A2-24)

79
For the specimen A2-24, an EDM cut of 0.24 mm is machined, so the initial
crack length used in the superposition method is 0.24 mm. The results of fatigue
crack growth tests and analyses are shown in Figure 4.12. For this specimen, Liu
recorded the test data from a crack length of 1.33 mm. The plot indicates that the
superposition method predicts much longer lives than the experimental data. The
main reason is, when the specimen is machined with a very small EDM cut, it
removes only small amounts of deformed material and small amounts of compressive
residual stresses at the edge of hole thus predicting longer lives. The results from
FASTRAN analyses also predicted slightly longer lives than the test data. The shapes
of the curves from current superposition method and from FASTRAN analysis show
similar characteristics.
4.3.3 Test Series - 3

The tests conducted by LaRue [3], using cold-worked hole specimens
obtained from Sikorsky were analyzed using the current method for two loading
conditions. First, crack-growth predictions are made under constant-amplitude
loading for a single crack at an open hole specimen. Second, the hole was cold
worked, reamed and notched and tested under constant-amplitude loading.
Comparisons are made between the tests, predicted results from FASTRAN, and from
the superposition method.
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Figure 4.13 Measured and predicted fatigue crack growth for 7075-T6 alloy at two
applied stress levels
Figure 4.13 shows the measured and predicted crack length against cycles
results on two test specimens conducted at two different remote applied stress levels
at R = 0.1. The symbols show the constant amplitude tests and the curves shows the
predictions. Here the results are presented as log-log plot, so that both tests and
analyses can be shown on the same plot, because there is over an order of magnitude
difference in the test lives. Both test specimens had an initial crack length of 0.25mm
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in length from one side of the central hole. The superposition method predicted
slightly longer lives than the tests and the FASTRAN analyses.
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Figure 4.14 Measure and predicted fatigue crack growth under constant amplitude
loading for several 7075-T6 specimens
Figure 4.14 shows the constant amplitude tests conducted at a stress level of
117.2 MPa. Again the initial crack lengths had an average value of 0.25mm in length.
As in the case of FASTRAN, two predictions are made with superposition method.
The predicted results are in good agreement with the test data for both conditions
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(remote stress or displacement), though most of the time the superposition method
predicted longer lives than test results. But the final life cycles agreed well with the
experimental data.
The finite element method was used to analyze a cold worked hole in the same
type of test specimen [3]. The specimen was friction gripped with a h/w ratio of about
2mm. The details of the analysis are given in Reference 3. The initial radius was
about 3mm and width of the specimen was 21.6mm. A mandrel with diametrical
interference of 0.268mm, corresponding to 4.5% cold expansion was pulled through
the hole to induce the compressive residual stress field. Then the cold worked hole
was reamed to a radius of 4.37 mm. The reaming of the hole removed a large amount
of the plastically deformed material at the edge of the hole and greatly reduced the
extent of compressive residual stresses. After reaming the hole, an EDM notch of
0.25mm in length was machined into one side of the hole. The EDM notch again
removed some of the deformed material.
The normalized residual stresses as a function of the distance from the hole
are shown in Figure 4.15 as open symbols. The open triangle symbols shows the
residual stresses formed after cold expansion process, the open rectangle symbols
shows the residual stresses after reaming process, and finally the open circular
symbols shows the final compressive residual stresses after notching process which
are present in the test specimen. Finally, the specimens are subjected to a constant
amplitude loading (Smax = 117.2 MPa; R = 0.1).
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Figure 4.15 Residual stresses from finite element analyses of cold worked hole [36].
Figure 4.16 shows the measured and predicted fatigue crack growth lives
under constant amplitude loading after the cold working, reaming and notching. The
open symbols are the results from four tests. The dashed curves are the predictions
from FASTRAN analyses and the solid curves are the predictions from superposition
method. The results from the superposition method fit the experimental data very
well. But the superposition method used the residuals after the reaming process, not
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after reaming and notching. When the final residual stresses (reaming and notching)
are used in superposition method it was found that the maximum and minimum
resultant stress intensity factors are negative, which means that there is compressioncompression loading and the superposition method can not predict lives with this type
of loading. Thus, the residual stresses after the reaming process are used in predicting
the fatigue crack growth.
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Figure 4.16 Measured and predicted fatigue crack growth under cold working,
reaming and notching followed by a constant amplitude loading.

CHAPTER V
CONCLUDING REMARKS AND FUTURE WORK
5.1 Concluding Remarks
This thesis studied compressive residual stresses induced by tensile overloads,
compressive under loads, or by a cold-expansion process in specimens containing a
circular hole and their influence on subsequent fatigue crack growth in aluminum
alloys. The finite element method was used to calculate residual stress distributions
along the path of crack growth. The superposition method, which uses crack-tip
stress intensity factors under remote loading and various residual stress distributions,
was used to calculate crack growth life for three kinds of tests: (1) fatigue of a
circular hole specimen after an overload or under load, (2) single crack growing from
a circular hole after a severe tensile overload, and (3) single crack growing from a
circular hole after cold-working, reaming and notching the hole. All specimens were
subjected to subsequent constant amplitude loading.
The superposition method uses the stress intensity factors calculated for
cracks emanating from a circular hole using the concept of Green’s functions. The
functions developed by Shivakumar and Forman for a single crack and twosymmetric cracks emanating from a hole were used to calculate stress intensity
factors for remote loading and various residual stress distributions along the path of
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the crack. Verification of the Green’s function code was made on several well-known
stress intensity factor solutions in the literature, such as a single and two-symmetric
cracks emanating from an open hole under remote applied stress and for various
stress distributions along the crack surface.
Superposition of the applied and residual stress intensity factors was used to
calculate the total stress intensity factor range and the residual stress intensity factor
ratio. Using these stress intensity factor parameters, fatigue crack growth rates were
calculated from fatigue crack growth rate tests conducted on the various aluminum
alloys. Comparisons are made between the current superposition method for the three
different kinds of tests. Comparisons have also been made with FASTRAN analyses
on the same tests.
The first test series was fatigue of circular hole specimens made of 2024-T3
aluminum alloy. The fatigue life predictions were calculated using the superposition
method by assuming an initial defect as a very small through crack emanating from
the edge of the hole. Calculations were made for two different initial crack lengths (6
or 25µm). The predictions for the under load case agreed well with the experimental
results for either crack size. But in the case of the overload, the current method
predicted longer lives than the experimental results for the small crack size (6µm),
but the prediction fell within the scatter band of the tests for the initial crack size
25µm. The reason for predicting longer lives for the smallest crack is that the current
method does not account for the transient crack-closure effects associated with small
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crack growth. FASTRAN analyses included these small-crack effects and the results
are in better agreement with the experimental data.
The second test series was a single crack growing from a circular hole after a
severe tensile overload in 2024-T351 aluminum alloy. These tests were conducted by
Liu on different circular hole specimens than the previous test series. Again finite
element analyses was performed on these specimens to calculate residual stresses due
to tensile overload. The results from the current superposition method were consistent
with the test results and those from FASTRAN analyses. When the electricaldischarge machined (EDM) cut is large enough, both analyses predicted accurate
results, but for small EDM cuts, both analyses predicted slightly longer lives.
The third test series was a single crack growing from a circular hole after
cold-working, reaming and notching the hole in 7075-T6 aluminum alloy. The tests
conducted by LaRue, using cold-worked hole specimens were analyzed using the
current superposition method for two loading conditions. First, crack-growth
predictions are made under constant-amplitude loading and the results showed a good
consistency with the experimental data and also with the FASTRAN results. Second,
the hole was cold worked, reamed, and notched and tested under constant-amplitude
loading. It was found that the compressive residual stresses from cold working,
reaming, and notching the hole were too large and that the total stress intensity factors
were both compressive. The current superposition method does not account for crack
growth under compressive-compressive loading. Thus, the compressive residual
stresses from the cold worked and reamed hole, which were of lower compressive
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magnitude, were used in the analyses. The results using these compressive residual
stresses showed a good agreement with test results. The FASTRAN analyses can
grow cracks under compressive-compressive loading, thus the results from the
FASTRAN analyses are in better correlation with experimental data.
5.2 Suggested Future Work
From the research performed on crack growth under compressive residual
stresses, several areas of further research were identified. First, when the crack length
is very small, the current superposition method should include the small-crack effects
to predict the fatigue crack growth. Using FASTRAN analysis, which has the
capability of addressing plasticity near the crack tip, may help to solve this problem.
Secondly, the current superposition method was unable to account for the
crack growth under compressive-compressive loading. This appears to be the major
difficulty with the current elastic superposition method. Again this problem may be
solved using FASTRAN analysis, which can predict crack growth under compressive
-compressive loading.
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APPENDIX A
FORTRAN CODE SIFCC4.for
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A. Introduction
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The FORTRAN code, SIFCC4.for, is used to calculate stress-intensity factors
numerically for an internally cracked infinite plate, an edge-crack in semi-infinite
plate, a single crack emanating from a circular hole and finally for two-symmetric
cracks emanating from a circular hole. This code utilizes the Green’s function in
calculating stress intensity factors. The concentrated force solutions for an internally
cracked plate and for an edge-crack in semi-infinite plate were obtained from the
stress analysis handbooks [25,26]. In the case of a single crack emanating from a
circular hole, the Green’s function developed by Shivakumar-Forman [21] is used. In
the case of two-symmetric cracks from a circular hole, the Green’s function
developed by Newman [24] and also by Shivakumar-Forman [22,23] were used. The
time required to calculate stress intensity factors from Newman’s Green function is
faster (saves CPU time) than the Shivakumar-Forman’s Green function because
Newman’s equations are much simpler. For finite width plates, a correction factor is
suggested by Newman [24] for two-symmetric cracks emanating from a circular hole
and there is a option in the code to apply this correction factor.
This code can calculate stress intensity factors for any kind of normal stress
distribution, first solving for the stresses present on the crack surface with the crack
absent and then using the concentrated force solutions to apply distributed forces to
eliminate these stresses on the crack surfaces. The stresses present on the crack
surface can be input into the code in either an equation or table form. The equation
form is not as flexible as the table form because the code only uses polynomial
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equations of the fourth degree. The various Green functions are numerically
integrated to obtain the stress intensity factors for the specified stress distribution
applied to the specified crack configuration. The user guide, code and sample input
and output files are also given in this appendix.

B. USER GUIDE FOR SIFCC4.for
INPUT DATA FILE----------------------------------------------------------------------------1. READ(*,*) TITLE
Any 80-character title that describes the problem.
2. READ(*,*) NGREEN (If NGREEN = 0,1 or 2 go to step 5)
NGREEN = 0 - Crack in infinite plate
= 1 - Edge crack in semi-infinite plate
= 2 - Single crack from circular hole
(default Shivakumar-Forman’s solution)
= 3 - Two-symmetric cracks from circular hole
3. READ(*,*) NSOLT
NSOLT = Solution type
= 1 - Newman solution
= 2 - Shivakumar-Forman solution
4. READ(*,*) FWC, w
FWC = Finite-width corrections
= 1 - Include finite-width corrections (finite width plate)
= 2 - Exclude finite-width corrections (infinite plate)
w = Half width of the plate (2w is total width of plate)

5. READ(*,*) RAD, CRK1,CRK2,INC
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RAD = Radius of the hole (RAD = 0 If NGREEN = 0 or 1)
CRK1 = Initial crack length
CRK2 = Final crack length
INC = Number of crack increments
6. READ(*,*) NOE
NOE = Number of elements into which the stress applied on the crack surface
is divided (usually set to 1000)
7. READ(*,*) NEOT

(If NEOT = 2 go to step 10)

NEOT = Equation or table form
= 1 - Stress in equation form
= 2 - Stress in table format
8. READ(*,*) PON (If NGREEN = 0 or 1 skip steps 8 & 9)
PON = Positive powers or negative powers of ‘x’ in the stress function
= 1 - Positive powers of ‘x’
= 2 - Negative powers of ‘x’
9. READ(*,*) A1,A2,A3,A4,A5
A1, A2, A3, A4, A5 = Coefficients of (x/r) or (r/x)
(For both positive and negative powers of ‘x’)
10. READ(*,*) TABLE,NOP
TABLE = Stress distribution table filename
NOP = Number of points in table

C. Examples of input and output data files
C.1. Single crack emanating from a circular hole in an infinite plate
C.1.1. Input file
SINGLE CRACK FROM CIRCULAR HOLE (REMOTE STRESS)
2

1.0

1000

0.01 0.1 100

1
2

1 0 0.5 0 1.5
ABCDEF – END

C.1.2. Output file
SINGLE CRACK FROM CIRCULAR HOLE (REMOTE STRESS)
SHIVAKUMAR-FORMAN’S SOLUTION
CRACK

KI

F

0.10000E-01

0.58398E+00

0.32784E+00

0.10900E-01

0.60856E+00

0.34149E+00

0.11800E-01

0.63202E+00

0.35450E+00

0.12700E-01

0.65448E+00

0.36693E+00

0.13600E-01

0.67603E+00

0.37884E+00

#

#

#

#

#

#

#

#

#

0.96400E-01

0.15415E+01

0.83058E+00

0.97300E-01

0.15463E+01

0.83283E+00

0.98200E-01

0.15510E+01

0.83504E+00

0.99100E-01

0.15557E+01

0.83723E+00

0.10000E+00

0.15604E+01

0.83939E+00
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C.2. Two-symmetric cracks emanating from a circular hole in finite width plate
C.2.1 Input file
TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE (REMOTE STRESS)
3
1
1 1.5
1.0

1000

0.01 0.1 100

1
2

1 0 0.5 0 1.5
ABCDEF – END

C.2.2 Output file
TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE (REMOTE STRESS)
NEWMANS SOLUTION
CRACK

KI

F

0.10000E-01

0.64041E+00

0.35952E+00

0.10900E-01

0.66785E+00

0.37476E+00

0.11800E-01

0.69410E+00

0.38931E+00

0.12700E-01

0.71927E+00

0.40325E+00

0.13600E-01

0.74349E+00

0.41665E+00

#

#

#

#

#

#

#

#

#

0.95500E-01

0.18237E+01

0.98303E+00

0.96400E-01

0.18312E+01

0.98667E+00

0.97300E-01

0.18387E+01

0.99029E+00

0.98200E-01

0.18461E+01

0.99388E+00

0.99100E-01

0.18535E+01

0.99745E+00

0.10000E+00

0.18608E+01

0.10010E+01

D. FORTRAN code SIFCC4.for
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

PROGRAM TO FIND STRESS INTENSITY FACTORS FOR CRACKS IN PLATES OR FROM HOLES
INTERNALLY CRACKED INFINITE PLATE, EDGE CRACK IN SEMI-INFINITE PLATE
SINGLE AND DOUBLE CRACKS EMANATING FROM CIRCULAR HOLE
SHIVAKUMAR-FORMAN'S GREEN FUNCTIONS ARE USED FOR BOTH SINGLE AND DOUBLE CRACKS
NEWMAN'S GREEN FUNCTION IS ALSO USED FOR TWO SYMMETRIC CRACKS FROM CIRCULAR HOLE
FINITE-WIDTH CORRECTIONS FOR TWO-SYMMETRIC CRACKS FROM HOLE
USES EXACT STRESS-INTENSITY FACTOR SOLUTION AT CRACK-TIP (nTH) ELEMENT
- - - - INPUT
NGREEN =
=
=
=

0
1
2
3

-

VARIABLES - - - -

CRACK IN INFINITE PLATE
EDGE CRACK IN SEMI-INFINITE PLATE
SINGLE CRACK FROM CIRCULAR HOLE
TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE

NSOLT = SOLUTION TYPE ( FOR TWO-SYMMETRIC CRACKS ONLY)
= 1 - NEWMAN SOLUTION
= 2 - SHIVAKUMAR-FORMAN SOLUTION
FWC = FINITE-WIDTH CORRECTIONS
= 1 - INCLUDE FINITE-WIDTH CORRECTIONS (FINITE-WIDTH PLATE)
= 2 - EXCLUDE FINITE-WIDTH CORRECTIONS (INFINITE PLATE)
W = HALF WIDTH OF THE PLATE (2W IS TOTAL WIDTH)
RAD = RADIUS OF HOLE
CRK1 = INITIAL CRACK LENGTH
CRK2 = FINAL CRACK LENGTH
INC = NUMBER OF CRACK INCREMENTS FOR SIF
D = CRACK LENGTH + RADIUS OF HOLE
NOE = NUMBER OF ELEMENTS INTO WHICH THE STRESS APPLIED ON THE CRACK
SURFACE IS DIVIDED (USUALLY SET TO 1000)
NEOT = EQUATION OR TABLE FORM
= 1 STRESS IN EQUATION FORM
= 2 STRESS IN TABLE FORMAT
THE FORM OF STRESS EQUATION CAN BE ONE OF THE FOLLOWING FOR ALL THE CASES
FOR POSITIVE POWERS OF X THE EQUATION SHOULD BE
SIG = A1 + A2(X/R) + A3(X/R)^2 + A4(X/R)^3 + A5(X/R)^4
FOR NEGATIVE POWERS OF X THE EQUATION SHOULD BE
SIG = A1 + A2(R/X) + A3(R/X)^2 + A4(R/X)^3 + A5(R/X)^4
FOR EXAMPLE IF THE LOADING IS REMOTE UNIFORM STRESS OF UNITY THEN
THE EQUATION IS: SIG = 1 (A1=1,A2=0,A3=0,A4=0,A5=0)
ANOTHER EXAMPLE IS IF THE LOADING IS TIMOSHENKO'S STRESS FUNCTION THEN
ASSUMING S = 1: SIG = S(1 + 0.5(R/X)^2 + 1.5(R/X)^4) (NEGATIVE POWERS OF 'X')
IF S=1 THEN A1=1,A2=0,A3=0.5,A4=0,A5=1.5
PON = POSITIVE OR NEGATIVE POWERS OF 'X' IN STRESS EQUATION
= 1 - POSITIVE POWERS OF 'X'
= 2 - NEGATIVE POWERS OF 'X'
A1,A2,A3,A4,A5 - CO-EFFICIENTS OF (X/R) OR (R/X) IN THE EQUATION
NOP = NUMBER OF POINTS IN STRESS DISTRIBUTION TABLE
- - - - OUTPUT

VARIABLES - - - -

CRACK = CRACK LENGTH
KI = STRESS-INTENSITY FACTOR
F = BOUNDARY-CORRECTION FACTOR
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN,NSOLT
COMMON/NEWMAN2/ A(1000),B(1000),DX,X(1000),RAD
COMMON/GREEN1/ D,LAMDA,A11,A22
COMMON/STRIF1/ PON,A1,A2,A3,A4,A5,FWC,W
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
COMMON/GREEN2/ L,AMAT1,AMATP1,AMATM1
DIMENSION SIG(1000)
CHARACTER*20 OUTFILE,INFILE,TABLE
CHARACTER (LEN=80) TITLE

99

INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50

C

WRITE(*,*) "ENTER INPUT FILENAME: "
READ(*,*) INFILE
OPEN(FILEID,FILE
= INFILE,STATUS
= 'UNKNOWN')
WRITE(*,*) "ENTER OUTPUT FILENAME: "
READ(*,*) OUTFILE
OPEN(OUTFILEID,FILE
= OUTFILE,STATUS
= 'UNKNOWN')

C
C
C

READING INPUT VARIABLES

5

10

15

C
C
C

CRACK IN INFINITE PLATE AND EDGE CRACK IN SEMI INFINITE PLATE

16
17

C
C
C
C

C
C

PI = 3.1415926536
DK = 0
TOL = 1E-6
READ(FILEID,'(A)') TITLE
READ(FILEID,*) NGREEN
IF (NGREEN.EQ.3) THEN
READ(FILEID,*) NSOLT
READ(FILEID,*) FWC,W
END IF
READ(FILEID,*) RAD,CRK1,CRK2,INC
IF(CRK1.LT.TOL) WRITE(OUTFILEID,5)
FORMAT(/,'INITIAL CRACK LENGTH IS LESS THAN TOLERANCE')
IF(CRK1.LT.TOL) STOP
READ(FILEID,*) NOE
READ(FILEID,*) NEOT
IF (NEOT.EQ.2) THEN
!TABLE FORMAT
READ(FILEID,*) TABLE,NOP
OPEN(FILEID2,FILE
= TABLE,STATUS
= 'UNKNOWN')
DO 10 I = 1,NOP
READ(FILEID2,*) X(I),SIG(I)
CONTINUE
XMAX = X(NOP)
DO 15 J = 1,(NOP-1)
B(J) = (SIG(J+1) - SIG(J))/(X(J+1) - X(J))
A(J) = SIG(J) - B(J) * X(J)
CONTINUE
END IF
IF (NEOT.EQ.1) THEN
XMAX = CRK2
IF ((NGREEN.EQ.2).OR.(NGREEN.EQ.3)) THEN
READ(FILEID,*) PON
READ(FILEID,*) A1,A2,A3,A4,A5
END IF
END IF

IF ((NGREEN.EQ.0).OR.(NGREEN.EQ.1)) THEN
IF (NGREEN.EQ.0) THEN
WRITE(OUTFILEID,*) 'INTERNALLY CRACKED INFINITE PLATE'
END IF
IF (NGREEN.EQ.1) THEN
WRITE(OUTFILEID,*) 'EDGE CRACK IN SEMI-INFINITE PLATE'
END IF
AINC = (CRK2-CRK1)/INC
WRITE(OUTFILEID,16)
FORMAT(8X,'CRACK',12X,'KI',13X,'F')
CRACK = CRK1 - AINC
CRACK = CRACK + AINC
DX = (CRACK-RAD)/NOE
IF (CRACK.GT.XMAX) STOP
CALL STRIF
IF (CRACK.LT.CRK2) GOTO 17
END IF ! (NGREEN=0 OR 1)
- - - - NEWMANS SOLUTION - - - FOR SINGLE CRACK EMANATING FROM CIRCULAR HOLE
IF (NGREEN.EQ.2) THEN
IF (NSOLT.EQ.1) THEN
WRITE(OUTFILEID,*) 'NO SOLUTION FROM NEWMAN'
WRITE(OUTFILEID,*) 'FOR SINGLE CRACK FROM CIRCULAR HOLE'
STOP
END IF
END IF
FOR TWO SYMMETRIC CRACKS EMANATING FROM CIRCULAR HOLE

100
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C

20
25

C
C
C
C

- - - - SHIVAKUMAR-FORMAN SOLUTION - - - FOR SINGLE CRACK EMANATING FROM CIRCULAR HOLE
IF (NGREEN.EQ.2) THEN
WRITE(OUTFILEID,*) 'SINGLE CRACK FROM CIRCULAR HOLE'
WRITE(OUTFILEID,*) 'SHIVAKUMAR-FORMAN SOLUTION'

C
C
C
C

AMN OR CMN MATRIX CONTAINING COEFFICIENTS OF Am,n OF
SHIVAKUMAR-FORMAN EQ. FOR SINGLE CRACK FROM CIRCULAR HOLE

30
35

40

45

C
C
C

IF (NGREEN.EQ.3) THEN
IF (NSOLT.EQ.1) THEN
WRITE(OUTFILEID,*) 'TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE'
WRITE(OUTFILEID,*) 'NEWMANS SOLUTION'
AINC = (CRK2-CRK1)/INC
WRITE(OUTFILEID,20)
FORMAT(8X,'CRACK',12X,'KI',13X,'F')
CRACK = CRK1 - AINC
CRACK = CRACK + AINC
D = CRACK + RAD
DX = (D-RAD)/NOE
LAMDA = RAD/D
LX = LAMDA*LAMDA
A11 = -0.02*LX + 0.558*LX*LX
A22 = 0.221*LX + 0.046*LX*LX
IF (CRACK.GT.XMAX) STOP
CALL STRIF
IF (CRACK.LT.CRK2) GOTO 25
END IF ! (NSOLT=1)
END IF ! (NGREEN=3)

AMN(1,1) = 0.8164
AMN(2,1) = 0.0492
AMN(3,1) = -0.4831
AMN(4,1) = -0.1746
AMN(5,1) = 0.7952
AMN(1,2) = -4.5911
AMN(2,2) = 17.3181
AMN(3,2) = -30.5563
AMN(4,2) = 26.2877
AMN(5,2) = -8.4570
AMN(1,3) = 7.6059
AMN(2,3) = -36.8465
AMN(3,3) = 75.4833
AMN(4,3) = -73.1167
AMN(5,3) = 26.8666
AMN(1,4) = -3.8529
AMN(2,4) = 20.6753
AMN(3,4) = -44.3540
AMN(4,4) = 44.2607
AMN(5,4) = -16.7296
AINC = (CRK2-CRK1)/INC
WRITE(OUTFILEID,30)
FORMAT(8X,'CRACK',12X,'KI',13X,'F')
CRACK = CRK1 - AINC
CRACK = CRACK + AINC
D = CRACK + RAD
DX = (D-RAD)/NOE
L = D - RAD
LAMDA = L/RAD
ALPHA = 1/(1+LAMDA)
DO 40 M = 1,5
AX = ALPHA**(M*0.5)
DO 40 N = 1,4
AMNX(M,N) = AMN(M,N) * AX
CONTINUE
AMAT1 = 0
DO 45 M = 1,5
AMAT1 = AMAT1 + AMNX(M,1)
CONTINUE
IF (CRACK.GT.XMAX) STOP
CALL STRIF
IF (CRACK.LT.CRK2) GOTO 35
END IF !(NGREEN.EQ.2)
FOR TWO SYMMETRIC CRACKS EMANATING FROM CIRCULAR HOLE

IF (NGREEN.EQ.3) THEN
IF (NSOLT.EQ.2) THEN
WRITE(OUTFILEID,*) 'TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE'
WRITE(OUTFILEID,*) 'SHIVAKUMAR-FORMAN SOLUTION'

C
C
C

APLUS MATRIX CONTAINING COEFFICIENTS OF A+m,n OF SHIVAKUMAR-FORMAN EQ.
APLUS(1,1)
APLUS(2,1)
APLUS(3,1)
APLUS(4,1)
APLUS(5,1)
APLUS(6,1)
APLUS(1,2)
APLUS(2,2)
APLUS(3,2)
APLUS(4,2)
APLUS(5,2)
APLUS(6,2)
APLUS(1,3)
APLUS(2,3)
APLUS(3,3)
APLUS(4,3)
APLUS(5,3)
APLUS(6,3)
APLUS(1,4)
APLUS(2,4)
APLUS(3,4)
APLUS(4,4)
APLUS(5,4)
APLUS(6,4)

C
C
C

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

0.1206
-0.9213
5.6288
-11.1246
9.9127
-2.6132
-0.0152
-1.0104
0.7841
2.0877
-2.7520
0.9076
0.0247
2.3663
-5.2304
5.4043
-7.3772
4.8125
0.2199
-5.1128
22.1371
-44.1147
43.7751
-16.9059

AMINUS MATRIX CONTAINING COEFFICIENTS OF A-m,n OF SHIVAKUMAR-FORMAN EQ.

50
55

60

AMINUS(1,1) = 0.1370
AMINUS(2,1) = 0.0769
AMINUS(3,1) = 7.4482
AMINUS(4,1) = -19.4000
AMINUS(5,1) = 21.3576
AMINUS(6,1) = -8.6197
AMINUS(1,2) = -0.3747
AMINUS(2,2) = 1.8495
AMINUS(3,2) = -10.4449
AMINUS(4,2) = 24.3391
AMINUS(5,2) = -23.1096
AMINUS(6,2) = 7.7426
AMINUS(1,3) = 0.7558
AMINUS(2,3) = -5.7783
AMINUS(3,3) = 30.1129
AMINUS(4,3) = -73.9272
AMINUS(5,3) = 77.4179
AMINUS(6,3) = -28.5877
AMINUS(1,4) = -0.2165
AMINUS(2,4) = 0.2717
AMINUS(3,4) = -3.8853
AMINUS(4,4) = 16.4607
AMINUS(5,4) = -21.6280
AMINUS(6,4) = 8.9970
AINC = (CRK2-CRK1)/INC
WRITE(OUTFILEID,50)
FORMAT(8X,'CRACK',12X,'KI',13X,'F')
CRACK = CRK1 - AINC
CRACK = CRACK + AINC
D = CRACK + RAD
DX = (D-RAD)/NOE
L = D - RAD
LAMDA = L/RAD
ALPHA = 1/(1+LAMDA)
DO 60 M = 1,6
AX = ALPHA**(M*0.5)
DO 60 N = 1,4
APLUSX(M,N) = APLUS(M,N) * AX
AMINUSX(M,N) = AMINUS(M,N) * AX
CONTINUE
AMATP1 = 0
AMATM1 = 0
DO 65 M = 1,6

102

65

C
C
C

C

C
C
C

C
C
C

C

C
C
C
C

C
C
C

AMATP1 = AMATP1 + APLUSX(M,1)
AMATM1 = AMATM1 + AMINUSX(M,1)
CONTINUE
IF (CRACK.GT.XMAX) STOP
CALL STRIF
IF (CRACK.LT.CRK2) GOTO 55
END IF !(NSOLT.EQ.2)
END IF !(NGREEN.EQ.3)
END
SUBROUTINE TO CALCULATE STRESS INTENSITY FACTORS
SUBROUTINE STRIF
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN,NSOLT
COMMON/NEWMAN2/ A(1000),B(1000),DX,X(1000),RAD
COMMON/STRIF1/ PON,A1,A2,A3,A4,A5,FWC,W
COMMON/GREEN1/ D,LAMDA,A11,A22
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50
DK = 0
FWW = 0
IF ((NGREEN.EQ.2).OR.(NGREEN.EQ.3)) THEN
IF (NEOT.EQ.1) THEN ! STRESS IN EQUATION FORM
DO 70 I = 1,(NOE-1)
X1 = RAD + (I-1)*DX
X2 = RAD + I*DX
POSITIVE POWERS OF 'X'
IF (PON.EQ.1) THEN
X11 = X1*X1/(RAD*RAD)
X22 = X2*X2/(RAD*RAD)
SIG1 = A1 + A2*(X1/RAD) + A3*X11 + A4*X11*(X1/RAD) + A5*X11*X11 ! interms of x1
SIG2 = A1 + A2*(X2/RAD) + A3*X22 + A4*X22*(X2/RAD) + A5*X22*X22 ! interms of x2
END IF
NEGATIVE POWERS OF 'X'
IF (PON.EQ.2) THEN
X11 = RAD*RAD/(X1*X1)
X22 = RAD*RAD/(X2*X2)
SIG1 = A1 + A2*(RAD/X1) + A3*X11 + A4*X11*(RAD/X1) + A5*X11*X11 ! interms of x1
SIG2 = A1 + A2*(RAD/X2) + A3*X22 + A4*X22*(RAD/X2) + A5*X22*X22 ! interms of x2
END IF
ASIG = (SIG1+SIG2)*0.5
AVGX = (X1+X2)*0.5
FORCE = ASIG*DX ! UNIT THICKNESS
CALL GREEN(AVGX,FUN)
IF (NGREEN.EQ.2) THEN
DK = DK + FORCE * FUN
END IF

! SINGLE CRACK

IF (NGREEN.EQ.3) THEN ! TWO CRACKS
EXCLUDING FINITE WIDTH CORRECTIONS (INFINITE PLATE)
IF (FWC.EQ.2) THEN
DK = DK + FORCE * FUN
END IF
INCLUDING FINITE WIDTH CORRECTIONS (FINITE WIDTH PLATE)
IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2

103

C
C
C

70

AT NTH INTERVAL
X1 = RAD + (NOE-1)*DX
X2 = RAD + NOE*DX
IF (PON.EQ.1) THEN
X11 = X1*X1/(RAD*RAD)
X22 = X2*X2/(RAD*RAD)
SIG1 = A1 + A2*(X1/RAD) + A3*X11
SIG2 = A1 + A2*(X2/RAD) + A3*X22
END IF
IF (PON.EQ.2) THEN
X11 = RAD*RAD/(X1*X1)
X22 = RAD*RAD/(X2*X2)
SIG1 = A1 + A2*(RAD/X1) + A3*X11
SIG2 = A1 + A2*(RAD/X2) + A3*X22
END IF
ASIG = (SIG1+SIG2)*0.5
CONST1 = 2. * DSQRT(2.*PI*DX)/PI
KTIP = CONST1 * ASIG

C
C
75
C

C

C
C
C

104

DK = DK + FORCE * FUN * FW
END IF
END IF
CONTINUE

+ A4*X11*(X1/RAD) + A5*X11*X11 ! interms of x1
+ A4*X22*(X2/RAD) + A5*X22*X22 ! interms of x2

+ A4*X11*(RAD/X1) + A5*X11*X11 ! interms of x1
+ A4*X22*(RAD/X2) + A5*X22*X22 ! interms of x2

IF (NGREEN.EQ.2) THEN
KI = DK + KTIP
F = KI/DSQRT(PI*CRACK)
F = KI/DSQRT(PI*D)
WRITE(OUTFILEID,75) CRACK,KI,F
FORMAT(2X,3(3X,E12.5))
END IF
IF (NGREEN.EQ.3) THEN
IF (FWC.EQ.2) THEN
KI = DK + KTIP
F = KI/DSQRT(PI*D)
WRITE(OUTFILEID,75) CRACK,KI,F
END IF
IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
KI = DK + KTIP * FW
F = KI/DSQRT(PI*D)
WRITE(OUTFILEID,75) CRACK,KI,F
END IF
END IF
END IF
! FOR EQUTION FORM (NEOT=1)
END IF ! NGREEN = 2 OR 3
IF (NEOT.EQ.2) THEN ! STRESS IN TABLE FORMAT
DO 80 I = 1,(NOE-1)
X1 = RAD + (I-1)*DX
CALL STRESS(X1,SIGV)
SIG1 = SIGV
X2 = RAD + I*DX
CALL STRESS(X2,SIGV)
SIG2 = SIGV
ASIG = (SIG1+SIG2)*0.5
FORCE = ASIG*DX
AVGX = (X1+X2)*0.5
CALL GREEN(AVGX,FUN)
IF ((NGREEN.EQ.0).OR.(NGREEN.EQ.1).OR.(NGREEN.EQ.2)) THEN
DK = DK + FORCE * FUN
END IF
IF (NGREEN.EQ.3) THEN
EXCLUDING FINITE WIDTH CORRECTIONS (INFINITE PLATE)

IF (FWC.EQ.2) THEN
DK = DK + FORCE * FUN
END IF

C
C
C

C
C
C

INCLUDING FINITE WIDTH CORRECTIONS (FINITE WIDTH PLATE)

80

AT NTH ELEMENT

85
C

IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
FWW = FW
DK = DK + FORCE * FUN * FW
END IF
END IF
FWW = FWW + FWW
CONTINUE

X1 = RAD + (NOE-1)*DX
CALL STRESS(X1,SIGV)
SIG1 = SIGV
X2 = RAD + NOE*DX
CALL STRESS(X2,SIGV)
SIG2 = SIGV
ASIG = (SIG1+SIG2)*0.5
CONST1 = DSQRT(8*DX/PI)
KTIP = CONST1 * ASIG
IF ((NGREEN.EQ.0).OR.(NGREEN.EQ.1).OR.(NGREEN.EQ.2)) THEN
KI = DK + KTIP
END IF
IF (NGREEN.EQ.3) THEN
IF (FWC.EQ.2) THEN
KI = DK + KTIP
END IF
IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
KI = DK + KTIP * FW
END IF
END IF
FWW = FWW + FW
IF ((NGREEN.EQ.0).OR.(NGREEN.EQ.1)) THEN
F = KI/DSQRT(PI*CRACK)
END IF
IF ((NGREEN.EQ.2).OR.(NGREEN.EQ.3)) THEN
F = KI/DSQRT(PI*D)
END IF
WRITE(OUTFILEID,85) CRACK,KI,F,FWW
FORMAT(2X,4(3X,E12.5))
END IF
IF ((NGREEN.EQ.0).OR.(NGREEN.EQ.1)) THEN
IF (NEOT.EQ.1) THEN ! STRESS IN EQUATION FORM
DO 90 I = 1,(NOE-1)
X1 = RAD + (I-1)*DX
X2 = RAD + I*DX
SIG1 = 1 ! interms of x1
SIG2 = 1 ! interms of x2
ASIG = (SIG1+SIG2)*0.5
AVGX = (X1+X2)*0.5

105

C
C
C

90

AT NTH INTERVAL

95

C

90
95
C

X1 = RAD + (NOE-1)*DX
X2 = RAD + NOE*DX
SIG1 = 1 ! interms of x1
SIG2 = 1 ! interms of x2
ASIG = (SIG1+SIG2)*0.5
CONST1 = 2. * DSQRT(2.*PI*DX)/PI
KTIP = CONST1 * ASIG
KI = DK + KTIP
F = KI/DSQRT(PI*CRACK)
WRITE(OUTFILEID,95) CRACK,KI,F
FORMAT(2X,3(3X,E12.5))
END IF
! FOR EQUTION FORM (NEOT=1)
END IF
END
SUBROUTINE STRESS(XV,SIGV)
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN,NSOLT
COMMON/NEWMAN2/ A(1000),B(1000),DX,X(1000),RAD
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50
IF (NEOT.EQ.2) THEN
DO 90 J = 1,(NOP-1)
IF (XV.GE.X(J).AND.XV.LT.X(J+1)) GOTO 95
CONTINUE
SIGV = A(J) + B(J) * XV
END IF
END
SUBROUTINE GREEN(AVGX,FUN)
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN,NSOLT
COMMON/NEWMAN2/ A(1000),B(1000),DX,X(1000),RAD
COMMON/GREEN1/ D,LAMDA,A11,A22
COMMON/GREEN2/ L,AMAT1,AMATP1,AMATM1
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50

C
C
C

TWO SYMMETRIC CRACKS FROM CIRCULAR HOLE
IF (NGREEN.EQ.3) THEN
IF (NSOLT.EQ.1) THEN ! NEWMANS SOLUTION
CONST = 2. * D/DSQRT(PI*D*(D*D-AVGX*AVGX))
GAMMA = AVGX/D
GL = (1-GAMMA)/(1-LAMDA)
FUN = CONST * (1+A11*GL+A22*GL*GL)
END IF
END IF

C

IF ((NGREEN.EQ.2).OR.(NGREEN.EQ.3)) THEN
CONST = 1/ DSQRT(PI * L)
B1 = AVGX - RAD
BETA = B1/L
B2 = BETA * BETA
B4 = B2 * B2
FBETA = (1. - B2) * (0.2945 - 0.3912*B2 + 0.7635*B4
1- 0.9942*B4*B2 + 0.5094*B4*B4)

C

100
C
C
C

FORCE = ASIG*DX ! UNIT THICKNESS
CALL GREEN(AVGX,FUN)
DK = DK + FORCE * FUN
CONTINUE

IF (NGREEN.EQ.2) THEN ! SINGLE CRACK
XX = AMAT1
AMAT2 = 0
DO 100 M = 1,5
DO 100 N = 2,4
AMAT2 = AMAT2 + AMNX(M,N) * BETA**((N-1.)*0.5)
CONTINUE
AMAT = XX + AMAT2
THE GREEN FUNCTION
FIL1 = ((2.*BETA)/(1.-BETA))**0.5
FIL221 = 2.*(1.+FBETA)/((1.-B2)**(0.5))
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FI = FIL1 + AMAT * (FIL221 - FIL1)
FUN = CONST * FI
END IF !(NGREEN.EQ.2)

C

105
C
C
C

C

C

IF (NGREEN.EQ.3) THEN
IF (NSOLT.EQ.2) THEN ! SHIVAKUMAR-FORMAN SOLUTION
XX = AMATP1
YY = AMATM1
AMATP2 = 0
AMATM2 = 0
DO 105 M = 1,6
DO 105 N = 2,4
AMATP2 = AMATP2 + APLUSX(M,N) * BETA**((N-1.)*0.5)
AMATM2 = AMATM2 + AMINUSX(M,N) * BETA**((N-1.)*0.5)
CONTINUE
AMATP = XX + AMATP2
AMATM = YY + AMATM2
THE GREEN FUNCTION
FILP1 = ((1.+BETA)/(1.-BETA))**(0.5)
FILP221 = 2.*(1.+FBETA)/((1.-B2)**(0.5))
FILM1 = 1/FILP1
FI = FILP1 + AMATP * (FILP221 - FILP1) + FILM1 * (1. - AMATM)
FUN = CONST * FI
END IF !(NSOLT.EQ.2)
END IF !(NGREEN.EQ.3)
END IF
IF (NGREEN.EQ.0) THEN
CONST = (2.*CRACK)/(DSQRT(PI*CRACK))
FUN = (1./(DSQRT((CRACK**2.)-(AVGX**2.))))*CONST
END IF
IF (NGREEN.EQ.1) THEN
CONST = 2.0/(DSQRT(PI*CRACK))
FUN1 = 1.3 - 0.3*((AVGX/CRACK)**1.25)
FUN = CONST * FUN1 * (1.0/DSQRT(1.0-((AVGX/CRACK)**2)))
END IF
END
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APPENDIX B
FORTRAN CODE SPM.for

108

A. Introduction

109

The FORTRAN code, SPM.for, is used to predict fatigue crack growth rate
dc/dN in the residual stress field for a single crack emanating from a circular hole and
for two-symmetric cracks emanating from a circular hole in a finite-width plate. This
code utilizes the superposition technique in calculating fatigue crack growth. The
superposition technique is the superposition of applied stress intensity factors and
residual stress intensity factors to give maximum and minimum resultant stress
intensity factors. The applied stress intensity factors are calculated from Newman,
[24], for a single crack or for two-symmetric cracks emanating from a circular hole in
an infinite plate under remote uniform stress S. For finite width plates, a correction
factor is suggested by Newman [24] and there is a option in the code to apply this
correction factor. The residual stress intensity factors are obtained by using residual
stresses due to tensile overloads, compressive under loads and cold working of holes.
These residual stresses are obtained finite element analysis and using the code in
Appendix A.
The stress intensity factor range (∆KT) was computed as the difference
between the maximum and minimum resultant stress intensity factors and also the
residual stress intensity ratio (Rres) is calculated. Thus, the crack growth rate (dc / dN)
at this Rres and ∆K is calculated in the following manner. Each aluminum alloy
material has a given ∆Keff against dc/dN relation in table form. The table gives ∆Keff
as a function of rate using 5 to 9 points, depending upon the particular material. First,
the normalized crack-opening stresses are found from Newman’s equation and then
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using the closure ratio, ∆K is found at each known ∆Keff value, which results in a ∆Krate curve at the stress ratio of Rres. From this ∆K-rate curve, the crack growth rate
(dc/dN) is determined for the resultant stress intensity factor range ∆KT. Using this
crack growth rate and with a prescribed small ∆c, a corresponding ∆N is found. These
incremental values are added to the previous values of c and N in calculating total
life. The FORTRAN code, user guide and sample input and output files of this
superposition technique are also given herein.

B. USER GUIDE FOR SPM.for
INPUT DATA FILE----------------------------------------------------------------------------1. READ(*,*) TITLE
Any 80-character title that describes the problem.
2. READ(*,*) NGREEN
NGREEN = 1 - Single crack from a circular hole under S
= 2 - Two-symmetric cracks from a circular hole
3. READ(*,*) LTYP
LTYP = Type of loading
= 1 - Remote tension (S)
= 2 - Displacement (δ) (only applies for single crack)
4. READ(*,*) SMAX,SMIN
Input constant-amplitude loading

5. READ(*,*) RAD, CRK1, CRK2, NSC
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RAD = Radius of the hole
CRK1 = Initial crack length
CRK2 = Final crack length
(Constant amplitude loading is applied until the final crack length is achieved)
NSC = 1 - Include surface cracks (finite width corrections)
= 2 - Exclude surface cracks (only through cracks with finite width
corrections)
6. READ(*,*) AOC,TH (For NSC = 1 option only)
AOC = a/c surface crack value (a is depth of crack, c is length of crack)
(usually a/c = 1)
TH = Half thickness of the plate (2t is thickness of plate)
until the crack length becomes greater than TH, a surface crack factor is
multiplied to the stress intensity factor obtained from through cracks
equations.
7. READ(*,*) FWC, w
FWC = Finite-width corrections
= 1 - Include finite-width corrections (finite width plate)
= 2 - Exclude finite-width corrections (infinite plate)
w = Half width of the plate (2w is total width of plate)
8. READ(*,*) RES (If RES = 2 go to step 15)
RES = Residual stresses due to overload, under load or pin loading
= 1 - Include residual stresses
= 2 - Exclude residual stresses
9. READ(*,*) SOLT ( For NGREEN = 2 option only)
SOLT = Solution type for calculating Residual Stresses
= 1 - Newman solution (available for NGREEN = 2 only)
= 2 - Shivakumar solution (available for both NGREEN = 1 or 2)
(default option when NGREEN = 1)
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10. READ(*,*) NOE
NOE = Number of elements into which the stress applied on the crack surface
is divided (usually set to 1000)
11. READ(*,*) NEQ (If NEQ = 2 go to step 14)
EOT = Equation or Table form
= 1 - Stress in equation form
= 2 - Stress in table format
12. READ(*,*) PON
PON = Positive powers or Negative powers of ‘x’ in the stress function
= 1 - Positive powers of ‘x’
= 2 - Negative powers of ‘x’
13. READ(*,*) A1,A2,A3,A4,A5
A1, A2, A3, A4, A5 = Coefficients of (x/r) or (r/x)
(For both positive and negative powers of ‘x’)

14. READ(*,*) TABLE,NOP (For NEQ = 2 option only)
TABLE = Stress distribution table filename
NOP = Number of points in table
15. READ(*,*) TABLE2, NOP2
TABLE2 is a input file which contains details of Keff Vs dc/dN curve with
NOP2 data points.
16. READ(*,*) NALP , ALPHA
NALP = 0 - Constraint factor (ALP) is constant as input
= 1 - Constraint factor is variable
ALPHA = Constraint factor
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17. READ(*,*) RATE1, ALP1, RATE2, ALP2 (For NALP = 1 option only)
If NALP = 1

RATE1 is the crack-growth rate near the start of transition
from flat-to-slant growth (ALP = ALP1 for rates less than
RATE1). RATE2 is the crack growth rate near the end of
transition from flat-to-slant growth (ALP = ALP2 for rates
greater than RATE2).
For rates (RATES) between RATE1 and RATE2 :

⎧ log( RATES ) − log( RATE 2) ⎫
ALP = ALP 2 + ( ALP1 − ALP 2) ⎨
⎬
⎩ log( RATE1) − log( RATE 2) ⎭

C. Example Input Data File
C.1. A2-24 specimen in Figure 4.10
C.1.1. Input file
SINGLE CRACK NEWMANS EQ FWC OVLD OF 36 CA OF 18 TO 1.8
1
1

18.0 1.8

0.25 0.0095 2.7 2
1 3.0
1

1000
2

resstr.txt 238
KEFF.TXT 9
1 0

2e-5 2.0 5.905e-4 1.0
ABCDEF – END
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Table KEFF.txt (Figure 4.2)
0.80 4.00e-11
1.10 2.00e-9
2.05 7.87e-8
4.00 3.15e-7
7.70 4.00e-6
13.5 4.00e-5
23.0 4.00e-4
36.0 4.00e-3
85.0 4.00e-1
ABCDEF – END

C.1.2. Output file
SIGLE CRACK FROM HOLE UNDER S
Constant-Amplitude loading of 18.00 to 1.80
RADIUS OF HOLE =

0.250000000000000

INITIAL CRACK LENGTH =
FINAL CRACK LENGTH =

9.500000000000000E-003

2.70000000000000

SURFACE CRACK FACTOR IS NOT INCLUDED SO ONLY THROUGH CRACKS
FINITE WIDTH CORRECTIONS ARE INCLUDED
WIDTH OF THE PLATE IS =

3.00000000000000

RESIDUAL STRESSES ARE INCLUDED
CRACK

DN

9.500000000000000E-003

56.6872100954000

9.799999992421362E-003

282.525264654067

9.599999997473787E-003
9.999999987368937E-003
1.019999998231651E-002

125.105090522973
462.177789090640
661.019717756477

#

#

#

#

#

#

2.67339993270423

115488.599361229

2.69739993209793

115488.709950641

2.68539993240108

115488.668100542

C.2. Two-symmetric cracks emanating from circular hole, Figure 4.4
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C.2.1. Input file
TWO SYMMETRIC CRACKS NEWMANS EQ FWC OVERLOAD OF 36 CA OF
21 TO 0
2
1

21.0 0.0

0.09375 0.01 0.8 2
1 1.0
1
1

1000
2

resstr.txt 242
KEFF3.TXT 9
1 0

1.0e-7 2.0 2.5e-6 1.0
ABCDEF - END

Table KEFF3.txt (Figure 4.1)
0.80 4.0e-11
1.05 2.0e-9

2.05 7.87e-8
4.00 3.14e-7
7.70 4.0e-6
13.5 4.0e-5
23.0 4.0e-4
36.0 4.0e-3
85.0 4.0e-2

ABCDEF - END
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C.1.2. Output file
TWO-SYMMETRIC CRACKS FROM HOLE UNDER S
Constant-Amplitude loading of
RADIUS OF HOLE =

21.00 to

9.375000000000000E-002

INITIAL CRACK LENGTH =
FINAL CRACK LENGTH =

0.00E+000

1.000000000000000E-002

0.800000000000000

SURFACE CRACK FACTOR IS NOT INCLUDED
SO ONLY THROUGH CRACKS

FINITE WIDTH CORRECTIONS ARE INCLUDED
WIDTH OF THE PLATE IS =

1.00000000000000

RESIDUAL STRESSES ARE INCLUDED

NEWMAN EQUATIONS FOR CALCULATING RESIDUAL STRESSES
CRACK

DN

1.000000000000000E-002

4936.51319898137

1.029999999242136E-002

18416.3248894919

1.009999999747379E-002
1.049999998736894E-002
1.069999998231651E-002
1.089999997726409E-002
1.109999997221166E-002
1.129999996715924E-002

9642.93333152479
26410.5176107120
33703.3457333122
40363.3838807036
46452.9684212440
52029.0821189477

#

#

#

#

#

#

0.729899981813796

272271.395716788

0.753899981207505

272561.275131423

0.741899981510651
0.765899980904360
0.777899980601214
0.789899980298069

272418.532764385
272699.818384111
272834.352974001
272965.057781492

D. FORTRAN code SPM.for
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
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SUPERPOSITION METHOD IN CALCULATING CRACK GROWTH LIFE
SINGLE AND TWO-SYMMETRIC CRACKS EMANATING FROM CIRCULAR HOLE
CONSTANT AMPLITUDE LOADING
OPTION TO CONSIDER SURFACE CRACKS
OPTION TO INCLUDE RESIDUAL STRESSES (DUE TO TESILE OVERLOADING OR COLD-WORKING)
SHIVAKUMAR-FORMAN'S GREEN FUNCTIONS ARE USED FOR BOTH SINGLE AND DOUBLE CRACKS
NEWMAN'S GREEN FUNCTION IS ALSO USED FOR TWO SYMMETRIC CRACKS FROM CIRCULAR HOLE
FINITE-WIDTH CORRECTIONS ARE ALSO APPLIED
USES EXACT STRESS-INTENSITY FACTOR SOLUTION AT CRACK-TIP (nTH) ELEMENT (CONSTANT ONLY)
- - - - INPUT VARIABLES - - - NGREEN = 1 - SINGLE CRACK FROM CIRCULAR HOLE
= 2 - TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE
LTYP = TYPE OF LOADING (ONLY FOR SINGLE CRACK NO RESIDUAL STRESSES)
= 1 - REMOTE TENSION
= 2 - DISPLACEMENT
CONSTANT AMPLITUDE LOADING
SMAX = MAXIMUM APPLIED STRESS
SMIN = MINIMUM APPLIED STRESS
RAD = RADIUS OF HOLE
CRK1 = INITIAL CRACK LENGTH
CRK2 = FINAL CRACK LENGTH
NSC = 1 - INCLUDE SURFACE CRACKS
= 2 - EXCLUDE SURFACE CRACKS
FOR SURFACE CRACKS
AOC = a/c VALUE (a IS LENGTH OF SURFACE CRACK)
(USUALLY a/c = 1, OTHER VALUES ARE 3/2 AND 2/3)
TH = HALF THICKNESS OF PLATE (2t IS TOTAL THICKNESS OF PLATE)
(a/t = a/c * c/t) (t = TH)
C

FWC =
= 1 = 2 W = HALF WIDTH

FINITE-WIDTH CORRECTIONS
INCLUDE FINITE-WIDTH CORRECTIONS (FINITE-WIDTH PLATE)
EXCLUDE FINITE-WIDTH CORRECTIONS (INFINITE PLATE)
OF THE PLATE (2W IS TOTAL WIDTH)

RES = RESIDUAL STRESSES DUE TO OVERLOADING,UNDER LOADING OR COLD-WORKING
= 1 - INCLUDE RESIDUAL STRESSES
= 2 - EXCLUDE RESIDUAL STRESSES
NOE = NUMBER OF ELEMENTS INTO WHICH THE STRESS APPLIED ON THE CRACK
SURFACE IS DIVIDED (USUALLY SET TO 1000)
NEOT = EQUATION OR TABLE FORM
= 1 STRESS IN EQUATION FORM
= 2 STRESS IN TABLE FORMAT
PON = POSITIVE OR NEGATIVE POWERS OF 'X' IN STRESS EQUATION
= 1 - POSITIVE POWERS OF 'X'
= 2 - NEGATIVE POWERS OF 'X'
A1,A2,A3,A4,A5 - CO-EFFICIENTS OF (X/RAD) OR (RAD/X) IN THE EQUATION
NOP = NUMBER OF POINTS IN STRESS DISTRIBUTION TABLE
NOP2 = NUMBER OF DATE POINTS THAT DEFINE KEFF-dC/dN CURVE
NALP = 0 - CONSTRAINT FACTOR (ALP) IS CONSTANT AS INPUT
(DEFAULT VALUE IS ALPHA = 2)
= 1 - CONSTRAINT FACTOR IS VARIABLE
RATE1 = CRACK-GROWTH RATE NEAR START OF TRANSITION FROM FLAT-TO-SLANT GROWTH
ALP1 = CONSTRAINT FACTOR FOR RATES LESS THAN RATE1
RATE2 = CRACK-GROWTH RATE NEAR END OF TRANSITION FROM FLAT-TO-SLANT GROWTH
ALP1 = CONSTRAINT FACTOR FOR RATES GREATER THAN RATE2
- - - - OUTPUT VARIABLES - - - CRACK = CRACK LENGTH
DN = TOTAL FATIGUE LIFE

IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN
COMMON/NEWMAN2/ A(10000),B(10000),DX,X(10000),RAD
COMMON/GREEN1/ SOLT,D,LAMDA,A11,A22
COMMON/STRIF1/ PON,A1,A2,A3,A4,A5,FWC,W,KRES
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
COMMON/GREEN2/ L,AMAT1,AMATP1,AMATM1
DIMENSION SIG(10000),DLTAKEF(10000),DCDN(10000),DLTAK(10000)
DIMENSION SOOSMAX1(1000)
CHARACTER*20 OUTFILE,INFILE,TABLE,TABLE2
CHARACTER (LEN=80) TITLE
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50,FILEID3=60

C

WRITE(*,*) "ENTER INPUT FILENAME: "
READ(*,*) INFILE
OPEN(FILEID,FILE
= INFILE,STATUS
= 'UNKNOWN')
WRITE(*,*) "ENTER OUTPUT FILENAME: "
READ(*,*) OUTFILE
OPEN(OUTFILEID,FILE
= OUTFILE,STATUS
= 'UNKNOWN')
PI = 3.1415926536
DK = 0
TOL = 1E-6

C
C
C

READING INPUT VARIABLES
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C
C
C
C

C

READ(FILEID,'(A)') TITLE
READ(FILEID,*) NGREEN
IF (NGREEN.EQ.1) THEN
WRITE(OUTFILEID,*) 'SIGLE CRACK FROM HOLE UNDER S'
ENDIF
IF (NGREEN.EQ.2) THEN
WRITE(OUTFILEID,*) 'TWO-SYMMETRIC CRACKS FROM HOLE UNDER S'
ENDIF
READ(FILEID,*) LTYP
READ(FILEID,*) SMAX,SMIN
WRITE(OUTFILEID,*) 'CONSTANT-AMPLITUDE LOADING OF',SMAX,'TO',SMIN
READ(FILEID,*) RAD,CRK1,CRK2,NSC
WRITE(OUTFILEID,*) 'RADIUS OF HOLE =',RAD
WRITE(OUTFILEID,*) 'INITIAL CRACK LENGTH =',CRK1
WRITE(OUTFILEID,*) 'FINAL CRACK LENGTH =',CRK2
IF (NSC.EQ.1) THEN
WRITE(OUTFILEID,*) 'SURFACE CRACK FACTOR IS INCLUDED'
READ(FILEID,*) AOC,TH
END IF
IF (NSC.EQ.2) THEN
WRITE(OUTFILEID,*) 'SURFACE CRACK FACTOR IS NOT INCLUDED'
WRITE(OUTFILEID,*) 'SO ONLY THROUGH CRACKS'
END IF
IF(CRK1.LT.TOL) WRITE(OUTFILEID,5)
FORMAT(/,'INITIAL CRACK LENGTH IS LESS THAN TOLERANCE')
IF(CRK1.LT.TOL) STOP
READ(FILEID,*) FWC,W
IF (FWC.EQ.1) THEN
WRITE(OUTFILEID,*) 'FINITE WIDTH CORRECTIONS ARE INCLUDED'
ENDIF
WRITE(OUTFILEID,*) 'WIDTH OF THE PLATE IS =',W
READ(FILEID,*) RES
INCLUDING RESIDUAL STRESSES
IF (RES.EQ.1) THEN
WRITE(OUTFILEID,*) 'RESIDUAL STRESSES ARE INCLUDED'
IF (NGREEN.EQ.2) THEN
READ(FILEID,*) SOLT
IF (SOLT.EQ.1) THEN
WRITE(OUTFILEID,*) 'NEWMAN EQUATIONS FOR CALCULATING
1RESIDUAL STRESSES'
END IF
IF (SOLT.EQ.2) THEN
WRITE(OUTFILEID,*) 'SHIVAKUMAR-FORMAN EQUATIONS FOR CALCULATING
2RESIDUAL STRESSES'
END IF
END IF
READ(FILEID,*) NOE
READ(FILEID,*) NEOT
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10

15
C

IF (NEOT.EQ.1) THEN
! EQUATION FORMAT
XMAX = CRK2
READ(FILEID,*) PON
READ(FILEID,*) A1,A2,A3,A4,A5
END IF
END IF !(RES.EQ.1)

C

C

21

25
C
C
C
C

C
C
C
C
C
C
C
C

IF (NEOT.EQ.2) THEN
!TABLE FORMAT
READ(FILEID,*) TABLE,NOP
OPEN(FILEID2,FILE
= TABLE,STATUS
= 'UNKNOWN')
DO 10 I = 1,NOP
READ(FILEID2,*) X(I),SIG(I)
CONTINUE
XMAX = X(NOP)
IF (CRK2.GT.XMAX) THEN
WRITE(OUTFILEID,*) 'THE RESIDUAL STRESSES ARE NOT DEFINED UPTO
1FINAL CRACK LENGTH'
END IF
IF (CRK2.GT.XMAX) STOP
DO 15 J = 1,(NOP-1)
B(J) = (SIG(J+1) - SIG(J))/(X(J+1) - X(J))
A(J) = SIG(J) - B(J) * X(J)
CONTINUE
END IF

READ(FILEID,*) TABLE2,NOP2
OPEN(FILEID3,FILE
= TABLE2,STATUS
= 'UNKNOWN')
DO 21 I = 1,NOP2
READ(FILEID3,*) DLTAKEF(I),DCDN(I)
CONTINUE
READ(FILEID,*) NALP,ALPHA
IF (NALP.EQ.0) THEN
ALP = ALPHA
END IF
IF (NALP.EQ.1) THEN
READ(FILEID,*) RATE1,ALP1,RATE2,ALP2
END IF
CRACK = CRK1
TEMP = 0
IF (RES.EQ.1) THEN
- - - - NEWMANS SOLUTION - - - TWO-SYMMETRIC CRACKS EMANATING FROM CIRCULAR HOLE
IF (NGREEN.EQ.2) THEN
IF (SOLT.EQ.1) THEN
D = CRACK + RAD
DX = (D-RAD)/NOE
LAMDA = RAD/D
LX = LAMDA*LAMDA
A11 = -0.02*LX + 0.558*LX*LX
A22 = 0.221*LX + 0.046*LX*LX
IF (CRACK.GT.XMAX) STOP
CALL STRIF
END IF ! (SOLT=1)
END IF ! (NGREEN=2)
- - - - SHIVAKUMAR-FORMAN'S SOLUTION - - - SIGLE CRACK
EMANATING FROM CIRCULAR HOLE
IF (NGREEN.EQ.1) THEN
AMN OR CMN MATRIX CONTAINING COEFFICIENTS OF Am,n OF
SHIVAKUMAR-FORMAN'S EQ. FOR SINGLE CRACK FROM CIRCULAR HOLE
AMN(1,1)
AMN(2,1)
AMN(3,1)
AMN(4,1)
AMN(5,1)
AMN(1,2)
AMN(2,2)
AMN(3,2)
AMN(4,2)
AMN(5,2)
AMN(1,3)
AMN(2,3)

=
=
=
=
=
=
=
=
=
=
=
=

0.8164
0.0492
-0.4831
-0.1746
0.7952
-4.5911
17.3181
-30.5563
26.2877
-8.4570
7.6059
-36.8465
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40

45

C
C
C
C
C
C

C
C
C

AMN(3,3) = 75.4833
AMN(4,3) = -73.1167
AMN(5,3) = 26.8666
AMN(1,4) = -3.8529
AMN(2,4) = 20.6753
AMN(3,4) = -44.3540
AMN(4,4) = 44.2607
AMN(5,4) = -16.7296
D = CRACK + RAD
DX = (D-RAD)/NOE
L = D - RAD
LAMDA = L/RAD
ALPHA = 1/(1+LAMDA)
DO 40 M = 1,5
AX = ALPHA**(M*0.5)
DO 40 N = 1,4
AMNX(M,N) = AMN(M,N) * AX
CONTINUE
AMAT1 = 0
DO 45 M = 1,5
AMAT1 = AMAT1 + AMNX(M,1)
CONTINUE
IF (CRACK.GT.XMAX) STOP
CALL STRIF
END IF !(NGREEN.EQ.1)
TWO-SYMMETRIC CRACKS FROM CIRCULAR HOLE
IF (NGREEN.EQ.2) THEN
IF (SOLT.EQ.2) THEN
APLUS MATRIX CONTAINING COEFFICIENTS OF A+m,n OF SHIVAKUMAR-FORMAN'S EQ.
APLUS(1,1)
APLUS(2,1)
APLUS(3,1)
APLUS(4,1)
APLUS(5,1)
APLUS(6,1)
APLUS(1,2)
APLUS(2,2)
APLUS(3,2)
APLUS(4,2)
APLUS(5,2)
APLUS(6,2)
APLUS(1,3)
APLUS(2,3)
APLUS(3,3)
APLUS(4,3)
APLUS(5,3)
APLUS(6,3)
APLUS(1,4)
APLUS(2,4)
APLUS(3,4)
APLUS(4,4)
APLUS(5,4)
APLUS(6,4)

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

0.1206
-0.9213
5.6288
-11.1246
9.9127
-2.6132
-0.0152
-1.0104
0.7841
2.0877
-2.7520
0.9076
0.0247
2.3663
-5.2304
5.4043
-7.3772
4.8125
0.2199
-5.1128
22.1371
-44.1147
43.7751
-16.9059

AMINUS MATRIX CONTAINING COEFFICIENTS OF A-m,n OF SHIVAKUMAR-FORMAN'S EQ.
AMINUS(1,1)
AMINUS(2,1)
AMINUS(3,1)
AMINUS(4,1)
AMINUS(5,1)
AMINUS(6,1)
AMINUS(1,2)
AMINUS(2,2)
AMINUS(3,2)
AMINUS(4,2)
AMINUS(5,2)
AMINUS(6,2)
AMINUS(1,3)
AMINUS(2,3)
AMINUS(3,3)
AMINUS(4,3)
AMINUS(5,3)
AMINUS(6,3)

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

0.1370
0.0769
7.4482
-19.4000
21.3576
-8.6197
-0.3747
1.8495
-10.4449
24.3391
-23.1096
7.7426
0.7558
-5.7783
30.1129
-73.9272
77.4179
-28.5877
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C

60

65

C
C
C

C
C
C

C
C
C

C

C
C

C

AMINUS(1,4) = -0.2165
AMINUS(2,4) = 0.2717
AMINUS(3,4) = -3.8853
AMINUS(4,4) = 16.4607
AMINUS(5,4) = -21.6280
AMINUS(6,4) = 8.9970
D = CRACK + RAD
DX = (D-RAD)/NOE
L = D - RAD
LAMDA = L/RAD
ALPHA = 1/(1+LAMDA)
DO 60 M = 1,6
AX = ALPHA**(M*0.5)
DO 60 N = 1,4
APLUSX(M,N) = APLUS(M,N) * AX
AMINUSX(M,N) = AMINUS(M,N) * AX
CONTINUE
AMATP1 = 0
AMATM1 = 0
DO 65 M = 1,6
AMATP1 = AMATP1 + APLUSX(M,1)
AMATM1 = AMATM1 + AMINUSX(M,1)
CONTINUE
IF (CRACK.GT.XMAX) STOP
CALL STRIF
END IF !(SOLT.EQ.2)
END IF !(NGREEN.EQ.2)
END IF !(RES.EQ.1)
CALCULATING KMAX AND KMIN
D = CRACK + RAD
LAMDA = RAD/D
LX = LAMDA*LAMDA
IF (NGREEN.EQ.1) THEN
F1 = 0.707 + 0.765*LAMDA + 0.282*LX + 0.74*LAMDA*LX + 0.872*LX*LX
FH1 = DSQRT(1-LAMDA) * F1
FINITE WIDTH CORRECTION FACTORS
IF (FWC.EQ.1) THEN
FW1 = 1/COS(PI*(RAD+(CRACK/2))/(2*(W-(CRACK/2))))
FW = DSQRT(FW1)
END IF
IF (FWC.EQ.2) THEN
FW = 1
END IF
DISPLACEMENT FACTOR
IF (LTYP.EQ.1) THEN
FD = 1
END IF
IF (LTYP.EQ.2) THEN
BETA10 = (CRACK+RAD)/W
FD = 1 - 0.2*(BETA10**4) - 0.1*(BETA10**6) - 0.05*(BETA10**16)
END IF
KMAX1 = DSQRT(PI*D) * FH1 * SMAX * FW * FD
FMAX1 = KMAX1/DSQRT(PI*D)
KMIN1 = DSQRT(PI*D) * FH1 * SMIN * FW * FD
FMIN1 = KMIN1/DSQRT(PI*D)
WRITE(OUTFILEID,*) 'KMAX AND KMIN ARE :',KMAX1,KMIN1
END IF
IF (NGREEN.EQ.2) THEN
F2 = 1 + 0.358*LAMDA + 1.425*LX - 1.578*LX*LAMDA + 2.156*LX*LX
FH2 = DSQRT(1-LAMDA) * F2
IF (FWC.EQ.1) THEN
FW1 = 1/COS(PI*RAD/(2*W))
FW2 = 1/COS(PI*D/(2*W))
FW = DSQRT(FW1*FW2)
END IF
IF (FWC.EQ.2) THEN
FW = 1
END IF
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C
C
C
C

C

C

C
C
C
C
C
C
C

C

C

C

KMAX2 = DSQRT(PI*D) * FH2 * SMAX * FW
FMAX2 = KMAX2/DSQRT(PI*D)
KMIN2 = DSQRT(PI*D) * FH2 * SMIN * FW
FMIN2 = KMIN2/DSQRT(PI*D)
WRITE(OUTFILEID,*) 'KMAX AND KMIN ARE :',KMAX2,KMIN2
END IF
CALCULATING KEFF AND REFF
IF (NGREEN.EQ.1) THEN
KMAX = KMAX1
KMIN = KMIN1
END IF
IF (NGREEN.EQ.2) THEN
KMAX = KMAX2
KMIN = KMIN2
END IF
IF (RES.EQ.2) THEN
KRES = 0
END IF
KMXEF = KMAX + KRES
KMNEF = KMIN + KRES
IF ((KMXEF.LT.0).AND.(KMNEF.LT.0)) THEN
WRITE(OUTFILEID,*) 'CRACK DOES NOT GROW'
WRITE(OUTFILEID,*) 'KMAX EFF IS',KMXEF
WRITE(OUTFILEID,*) 'KMIN EFF IS',KMNEF
STOP
END IF
IF (NSC.EQ.1) THEN
IF (CRACK.LE.TH) THEN
AOT = AOC*(CRACK/TH)
AA = AOT*TH !(SURFACE CRACK, a = AA)
CP = PI*AA*AA/(4*TH)
CALL SURFACECRK(AOC,AOT,CP,NGREEN,RAD,W,KSCOKTC)
KMXEF = KMXEF*KSCOKTC
KMNEF = KMNEF*KSCOKTC
END IF
END IF
WRITE(OUTFILEID,*) 'KMAXEFF AND KMINEFF ARE :',KMXEF,KMNEF
DLK = KMXEF - KMNEF != KMAX - KMIN = DELTAK
REFF = KMNEF/KMXEF
WRITE(OUTFILEID,*) 'KEFF AND REFF ARE :',DLK,REFF
CALCULATING dc/dN FOR A PARTICULAR c,DLK,REFF
SMAXOFLW = SMAX/SIGMAO = 0.1, SIGMAO IS FLOW STRESS
SMAXOFLW = 0.1
DO 22 I = 1,NOP2
IF (NALP.EQ.1) THEN
IF (DCDN(I).LE.RATE1) THEN
ALP = ALP1
END IF
IF (DCDN(I).GE.RATE2) THEN
ALP = ALP2
END IF
IF ((DCDN(I).GT.RATE1).AND.(DCDN(I).LT.RATE2)) THEN
ALP = ALP2 + ((ALP1 - ALP2) *
1((LOG(DCDN(I)) - LOG(RATE2))/(LOG(RATE1) - LOG(RATE2))))
END IF
END IF
A01 = 0.825 - 0.34*ALP + 0.05*ALP*ALP
A02 = (COS(PI*SMAXOFLW*0.5))**(1/ALP)
A0 = A01*A02
A1 = (0.415 - 0.071*ALP)*SMAXOFLW
A3 = 2*A0 + A1 - 1
A2 = 1 - A0 - A1 - A3
IF (REFF.GE.0)
SOOSMAX = A0 +
END IF
IF (REFF.LT.0)
SOOSMAX = A0 +
END IF

THEN
A1*REFF + A2*REFF*REFF + A3*REFF*REFF*REFF
THEN
A1*REFF
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C
C

FOR NEGATIVE VALUES OF SOOSMAX IT IS SET TO 0(ZERO)
IF (SOOSMAX.LT.0) THEN
SOOSMAX = 0
END IF
SOOSMAX1(I) = SOOSMAX

C
C
C
C
C
C

C
C
C
C

THIS PART CALCULATES DELTAK AT THE ONLY POINTS WHERE DELTAKEFF IS
DEFINED IN THE INPUT FILES. FOR ANY OTHER DELTAKEFF VALUES AN LINEAR
INTERPOLATION IS DONE BETWEEN THE POINTS WHERE THIS VALUE FALLS

22

THIS PART GIVES THE INTERPOLATED VALUES FOR A PARTICULAR DELTAKEFF VALUE
TO FINALLY CALCULATE DC/DN AT THAT VALUE
DO 23 I = 1,NOP2-1
IF (DLK.GT.DLTAK(I)) THEN
IF (DLK.LT.DLTAK(I+1)) THEN
AN1 = DCDN(I)
AN2 = DCDN(I+1)
AK1 = DLTAK(I)
AK2 = DLTAK(I+1)
AN = (LOG(AN1)-LOG(AN2))/(LOG(AK1)-LOG(AK2))
C = AN1/(AK1**AN)
DCDNF = C*(DLK**AN)

C

ANN1 = SOOSMAX1(I)
ANN2 = SOOSMAX1(I+1)
AK1 = DLTAK(I)
AK2 = DLTAK(I+1)
IF ((ANN1.GT.0).AND.(ANN2.GT.0)) THEN
ANN = (LOG(ANN1)-LOG(ANN2))/(LOG(AK1)-LOG(AK2))
CC = ANN1/(AK1**ANN)
SOOSMAX2 = CC*(DLK**ANN)
ELSE
SOOSMAX2 = 0
END IF

C

C
C
C

C

C

U = (1 - SOOSMAX)/(1 - REFF) ! CLOSURE RATION
IF (U.GE.1) THEN
WRITE(OUTFILEID,*) 'THERE IS LITTLE OR NO CRACK CLOSURE'
WRITE(OUTFILEID,*) 'BECAUSES CLOSURE RATIO APPROACHES 1'
WRITE(OUTFILEID,*) 'U IS',U
STOP
END IF
DLTAK(I) = DLTAKEF(I)/U
CONTINUE

23

END IF
END IF
CONTINUE
IF THE VALUE IS IN TWO EXTREMES THEN
IF (DLK.LT.DLTAK(1)) THEN
AN1 = DCDN(1)
AN2 = DCDN(2)
AK1 = DLTAK(1)
AK2 = DLTAK(2)
AN = (LOG(AN1)-LOG(AN2))/(LOG(AK1)-LOG(AK2))
C = AN1/(AK1**AN)
DCDNF = C*(DLK**AN)
SOOSMAX2 = SOOSMAX1(1)
END IF
IF (DLK.GT.DLTAK(NOP2)) THEN
AN1 = DCDN(NOP2-1)
AN2 = DCDN(NOP2)
AK1 = DLTAK(NOP2-1)
AK2 = DLTAK(NOP2)
AN = (LOG(AN1)-LOG(AN2))/(LOG(AK1)-LOG(AK2))
C = AN1/(AK1**AN)
DCDNF = C*(DLK**AN)
SOOSMAX2 = SOOSMAX1(NOP2)
END IF
IF (CRACK.EQ.CRK1) THEN
DC = 0.0001
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C

C
C
C

C

C
C
C

C
C
C

C
C
C

C
C
C
C
C
C

DN = 0
NPRINT = 120
IF (NPRINT.GT.50) THEN
NPRINT2 = 2
NN2 = 0
END IF
ITE = 0
NN = 0
END IF
DN = DN + DC/DCDNF
ITE = ITE + 1
IF ((ITE.EQ.1).OR.(ITE.EQ.(NN2*NPRINT2)).OR.(ITE.EQ.(NN*NPRINT))) THEN
IF (NN2.LT.(NPRINT/2)) THEN
NN2 = NN2 + 1
END IF
IF (NN2.GE.(NPRINT/2)) THEN
NN = NN + 1
END IF
WRITE(OUTFILEID,*) CRACK,DN
END IF
CRACK = CRACK + DC
IF (CRACK.LT.CRK2) GOTO 25
END
SUBROUTINE TO CALCULATE RESIDUAL STRESS INTENSITY FACTORS
SUBROUTINE STRIF
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN
COMMON/NEWMAN2/ A(10000),B(10000),DX,X(10000),RAD
COMMON/STRIF1/ PON,A1,A2,A3,A4,A5,FWC,W,KRES
COMMON/GREEN1/ SOLT,D,LAMDA,A11,A22
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50
DK = 0
FWW = 0
IF (NEOT.EQ.1) THEN
DO 70 I = 1,(NOE-1)
X1 = RAD + (I-1)*DX
X2 = RAD + I*DX

! STRESS IN EQUATION FORM

POSITIVE POWERS OF 'X'
IF (PON.EQ.1) THEN
X11 = X1*X1/(RAD*RAD)
X22 = X2*X2/(RAD*RAD)
SIG1 = A1 + A2*(X1/RAD) + A3*X11 + A4*X11*(X1/RAD) + A5*X11*X11 ! interms of x1
SIG2 = A1 + A2*(X2/RAD) + A3*X22 + A4*X22*(X2/RAD) + A5*X22*X22 ! interms of x2
END IF
NEGATIVE POWERS OF 'X'
IF (PON.EQ.2) THEN
X11 = RAD*RAD/(X1*X1)
X22 = RAD*RAD/(X2*X2)
SIG1 = A1 + A2*(RAD/X1) + A3*X11 + A4*X11*(RAD/X1) + A5*X11*X11 ! interms of x1
SIG2 = A1 + A2*(RAD/X2) + A3*X22 + A4*X22*(RAD/X2) + A5*X22*X22 ! interms of x2
END IF
ASIG = (SIG1+SIG2)*0.5
AVGX = (X1+X2)*0.5
FORCE = ASIG*DX ! UNIT THICKNESS
CALL GREEN(AVGX,FUN)
FOR SINGLE CRACK NO FINITE WIDTH CORRECTIONS
IF (NGREEN.EQ.1) THEN
DK = DK + FORCE * FUN
END IF
TWO SYMMETRIC CRACKS
IF (NGREEN.EQ.2) THEN
EXCLUDING FINITE WIDTH CORRECTIONS (INFINITE PLATE)
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C
C
C

C
C
C

C
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IF (FWC.EQ.2) THEN
DK = DK + FORCE * FUN
END IF
INCLUDING FINITE WIDTH CORRECTIONS (FINITE WIDTH PLATE)

70

IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
DK = DK + FORCE * FUN * FW
END IF
END IF
CONTINUE
AT NTH INTERVAL
X1 = RAD + (NOE-1)*DX
X2 = RAD + NOE*DX
IF (PON.EQ.1) THEN
X11 = X1*X1/(RAD*RAD)
X22 = X2*X2/(RAD*RAD)
SIG1 = A1 + A2*(X1/RAD) + A3*X11 + A4*X11*(X1/RAD)
SIG2 = A1 + A2*(X2/RAD) + A3*X22 + A4*X22*(X2/RAD)
END IF
IF (PON.EQ.2) THEN
X11 = RAD*RAD/(X1*X1)
X22 = RAD*RAD/(X2*X2)
SIG1 = A1 + A2*(RAD/X1) + A3*X11 + A4*X11*(RAD/X1)
SIG2 = A1 + A2*(RAD/X2) + A3*X22 + A4*X22*(RAD/X2)
END IF
ASIG = (SIG1+SIG2)*0.5
CONST1 = 2. * DSQRT(2.*PI*DX)/PI
KTIP = CONST1 * ASIG
IF (NGREEN.EQ.1) THEN
KI = DK + KTIP
KRES = KI
F = KI/DSQRT(PI*D)
END IF
IF (NGREEN.EQ.2) THEN
IF (FWC.EQ.2) THEN
KI = DK + KTIP
KRES = KI
F = KI/DSQRT(PI*D)
END IF
IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
KI = DK + KTIP * FW
KRES = KI
F = KI/DSQRT(PI*D)
END IF
END IF
END IF ! FOR EQUTION FORM (NEOT=1)
IF (NEOT.EQ.2) THEN ! STRESS IN TABLE FORMAT
DO 80 I = 1,(NOE-1)
X1 = RAD + (I-1)*DX
CALL STRESS(X1,SIGV)
SIG1 = SIGV
X2 = RAD + I*DX

+ A5*X11*X11 ! interms of x1
+ A5*X22*X22 ! interms of x2

+ A5*X11*X11 ! interms of x1
+ A5*X22*X22 ! interms of x2

CALL STRESS(X2,SIGV)
SIG2 = SIGV
ASIG = (SIG1+SIG2)*0.5
FORCE = ASIG*DX
AVGX = (X1+X2)*0.5
CALL GREEN(AVGX,FUN)
IF (NGREEN.EQ.1) THEN
DK = DK + FORCE * FUN
END IF
IF (NGREEN.EQ.2) THEN

C
C
C

EXCLUDING FINITE WIDTH CORRECTIONS (INFINITE PLATE)
IF (FWC.EQ.2) THEN
DK = DK + FORCE * FUN
END IF

C
C
C

C
C
C

INCLUDING FINITE WIDTH CORRECTIONS (FINITE WIDTH PLATE)

80

IF (FWC.EQ.1) THEN
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
FWW = FW
DK = DK + FORCE * FUN * FW
END IF
END IF
FWW = FWW + FWW
CONTINUE
AT NTH ELEMENT
X1 = RAD + (NOE-1)*DX
CALL STRESS(X1,SIGV)
SIG1 = SIGV
X2 = RAD + NOE*DX
CALL STRESS(X2,SIGV)
SIG2 = SIGV
ASIG = (SIG1+SIG2)*0.5
CONST1 = DSQRT(8*DX/PI)
KTIP = CONST1 * ASIG
IF (NGREEN.EQ.1) THEN
KI = DK + KTIP
KRES = KI
END IF
IF (NGREEN.EQ.2) THEN
IF (FWC.EQ.2) THEN
KI = DK + KTIP
KRES = KI
END IF
IF (FWC.EQ.1) THEN
EPS = 1E-15
X2 = X2 - EPS
BK11 = SIN(PI*X1/(2*W))
BK21 = SIN(PI*X2/(2*W))
BK3 = SIN(PI*D/(2*W))
BK1 = BK11/BK3
BK2 = BK21/BK3
FW11 = ASIN(BK2) - ASIN(BK1)
FW12 = ASIN(X2/D) - ASIN(X1/D)
FW1 = FW11/FW12
FW21 = 1/COS(PI*D/(2*W))
FW2 = DSQRT(FW21)
FW = FW1*FW2
KI = DK + KTIP * FW
KRES = KI
END IF
END IF
FWW = FWW + FW
F = KI/DSQRT(PI*D)
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END IF
END

C

90
95
C

SUBROUTINE STRESS(XV,SIGV)
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN
COMMON/NEWMAN2/ A(10000),B(10000),DX,X(10000),RAD
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50
IF (NEOT.EQ.2) THEN
DO 90 J = 1,(NOP-1)
IF (XV.GE.X(J).AND.XV.LT.X(J+1)) GOTO 95
CONTINUE
SIGV = A(J) + B(J) * XV
END IF
END
SUBROUTINE SURFACECRK(AOC,AOT,CP,NGREEN,RAD,W,KSCOKTC)
IMPLICIT REAL*8 (A-H,K,L,O-Z)
KSCOKTC2 = 0.18*(AOT**5)
KSCOKTC3 = 0.18*(1-AOT)/(AOC**0.75)
KSCOKTC4 = 0.04*((1-AOT)**8)
KSCOKTC5 = 0.82 + KSCOKTC2 - KSCOKTC3 - KSCOKTC4

C
C
C
C

FINITE WIDTH CORRECTIONS FOR SURFACE CRACKS
CP IS C' = PI*a^2 / 4t
IF (NGREEN.EQ.1) THEN
FW1 = 1/COS(PI*(RAD+(CP/2))/(2*(W-(CP/2))))
FW = DSQRT(FW1)
END IF
DP = CP + RAD
IF (NGREEN.EQ.2) THEN
FW1 = 1/COS(PI*RAD/(2*W))
FW2 = 1/COS(PI*DP/(2*W))
FW = DSQRT(FW1*FW2)
END IF
KSCOKTC = KSCOKTC5 * FW
END

C
C
C

SUBROUTINE FOR GREEN'S FUNCTION
SUBROUTINE GREEN(AVGX,FUN)
IMPLICIT REAL*8 (A-H,K,L,O-Z)
COMMON/NEWMAN/ DK,PI,CRACK,NOE,NEOT,NOP,NGREEN
COMMON/NEWMAN2/ A(10000),B(10000),DX,X(10000),RAD
COMMON/GREEN1/ SOLT,D,LAMDA,A11,A22
COMMON/GREEN2/ L,AMAT1,AMATP1,AMATM1
COMMON/SHIV/ AMN(5,4),AMNX(5,4),APLUS(6,4),AMINUS(6,4),APLUSX(6,4),
1AMINUSX(6,4)
INTEGER :: FILEID=30,OUTFILEID=40,FILEID2=50

C
C
C

TWO SYMMETRIC CRACKS FROM CIRCULAR HOLE
IF (NGREEN.EQ.2) THEN
IF (SOLT.EQ.1) THEN ! NEWMANS SOLUTION
CONST = 2. * D/DSQRT(PI*D*(D*D-AVGX*AVGX))
GAMMA = AVGX/D
GL = (1-GAMMA)/(1-LAMDA)
FUN = CONST * (1+A11*GL+A22*GL*GL)
END IF
END IF

C

100

IF ((NGREEN.EQ.1).OR.(NGREEN.EQ.2)) THEN
CONST = 1/ DSQRT(PI * L)
B1 = AVGX - RAD
BETA = B1/L
B2 = BETA * BETA
B4 = B2 * B2
FBETA = (1. - B2) * (0.2945 - 0.3912*B2 + 0.7635*B4
1- 0.9942*B4*B2 + 0.5094*B4*B4)
IF (NGREEN.EQ.1) THEN ! SINGLE CRACK
XX = AMAT1
AMAT2 = 0
DO 100 M = 1,5
DO 100 N = 2,4
AMAT2 = AMAT2 + AMNX(M,N) * BETA**((N-1.)*0.5)
CONTINUE
AMAT = XX + AMAT2
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C
C
C

THE GREEN FUNCTION
FIL1 = ((2.*BETA)/(1.-BETA))**0.5
FIL221 = 2.*(1.+FBETA)/((1.-B2)**(0.5))
FI = FIL1 + AMAT * (FIL221 - FIL1)
FUN = CONST * FI
END IF !(NGREEN.EQ.1)

C

105
C
C
C

IF (NGREEN.EQ.2) THEN
IF (SOLT.EQ.2) THEN ! SHIVAKUMAR-FORMAN'S SOLUTION
XX = AMATP1
YY = AMATM1
AMATP2 = 0
AMATM2 = 0
DO 105 M = 1,6
DO 105 N = 2,4
AMATP2 = AMATP2 + APLUSX(M,N) * BETA**((N-1.)*0.5)
AMATM2 = AMATM2 + AMINUSX(M,N) * BETA**((N-1.)*0.5)
CONTINUE
AMATP = XX + AMATP2
AMATM = YY + AMATM2
THE GREEN FUNCTION
FILP1 = ((1.+BETA)/(1.-BETA))**(0.5)
FILP221 = 2.*(1.+FBETA)/((1.-B2)**(0.5))
FILM1 = 1/FILP1
FI = FILP1 + AMATP * (FILP221 - FILP1) + FILM1 * (1. - AMATM)
FUN = CONST * FI
END IF !(SOLT.EQ.2)
END IF !(NGREEN.EQ.2)
END IF
END

